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Over the years, non-spreading or non-diffracting wave configurations have been systematically 
investigated in optics. Perhaps the best known example of a diffraction-free optical wave is the 
so-called Bessel beam, first suggested and observed by Durnin et al. This work sparked 
considerable theoretical and experimental activity and paved the way toward the discovery of 
other interesting non-diffracting solutions.  
 In 1979 Berry and Balazs made an important observation within the context of quantum 
mechanics: they theoretically demonstrated that the Schrödinger equation describing a free 
particle can exhibit a non-spreading Airy wavepacket solution. This work remained largely 
unnoticed in the literature-partly because such wavepackets cannot be readily synthesized in 
quantum mechanics.   
 In this dissertation we investigate both theoretically and experimentally the acceleration 
dynamics of non-spreading optical Airy beams in both one- and two-dimensional configurations. 
We show that this class of finite energy waves can retain their intensity features over several 
diffraction lengths. The possibility of other physical realizations involving spatio-temporal Airy 
wavepackets is also considered. As demonstrated in our experiments, these Airy beams can 
exhibit unusual features such as the ability to remain quasi-diffraction-free over long distances 
while their intensity features tend to freely accelerate during propagation.  
 We have demonstrated experimentally that optical Airy beams propagating in free space 
can perform ballistic dynamics akin to those of projectiles moving under the action of gravity. 
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The parabolic trajectories of these beams as well as the motion of their center of gravity were 
observed in good agreement with theory.  
 Another remarkable property of optical Airy beams is their resilience in amplitude and 
phase perturbations. We show that this class of waves tends to reform during propagation in spite 
of the severity of the imposed perturbations. In all occasions the reconstruction of these beams is 
interpreted through their internal transverse power flow. The robustness of these optical beams in 
scattering and turbulent environments was also studied. 
 The experimental observation of self-trapped Airy beams in unbiased nonlinear 
photorefractive media is also reported. This new class of non-local self-localized beams owes its 
existence to carrier diffusion effects as opposed to self-focusing. These finite energy Airy states 
exhibit a highly asymmetric intensity profile that is determined by the inherent properties of the 
nonlinear crystal. In addition, these wavepackets self-bend during propagation at an acceleration 
rate that is independent of the thermal energy associated with two-wave mixing diffusion 
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CHAPTER ONE: INTRODUCTION 
In 1979 Berry and Balazs made an important observation within the context of quantum 
mechanics: they theoretically demonstrated that the Schrödinger equation describing a free 
particle can exhibit a non-spreading Airy wavepacket solution [1]. Perhaps the most remarkable 
feature of this Airy packet is its ability to freely accelerate even in the absence of any external 
potential. As first noted in Ref. [1], in one-dimension (1D), this Airy packet happens to be 
unique, e.g. it is the only non-trivial solution (apart from a plane wave) that remains invariant 
with time [1,2]. This work remained almost unnoticed in the literature and it never led to its 
experimental realization. 
 Over the years, non-spreading or non-diffracting wave configurations have been 
systematically investigated in higher-dimensions (2D and 3D), particularly in the areas of optics 
and atom physics [3-6]. What makes the analogy between these two seemingly different 
disciplines possible is the mathematical correspondence between the quantum mechanical 
Schrödinger equation and the paraxial equation of diffraction [7]. In terms of experimental 
realization, optics has thus far provided a fertile ground in which the properties of such non-
spreading localized waves can be directly observed and studied in detail. Perhaps the best known 
example of such a 2D diffraction-free optical wave is the so-called Bessel beam first suggested 
and observed by Durnin et al [3]. This work sparked considerable theoretical and experimental 
activity and paved the way toward the discovery of other interesting non-diffracting solutions 
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[4,5]. We note that, even though at first sight the aforementioned propagation-invariant beams 
may appear dissimilar they in fact share common characteristics. Firstly, they are all generated 
from an appropriate conical superposition of plane waves [3-5]. Even more importantly, all these 
solutions are known to convey infinite power: a direct outcome of their non-diffracting nature. 
Of course in practice, all these non-spreading beams are normally truncated by an aperture 
(because of lack of space and power) and as a result they tend to diffract during propagation [8]. 
Yet, if the geometrical size of the limiting aperture greatly exceeds the spatial features of the 
ideal propagation invariant fields, the diffraction process is considerably “slowed down” over the 
intended propagation distance and hence for all practical purposes these beams are called 
“diffraction-free” [9]. We emphasize that no localized 1D propagation invariant beam can be 
synthesized through conical superposition.  
 In the second chapter of this thesis we investigate the acceleration dynamics of quasi-
diffraction-free optical Airy beams in both one- and two-dimensional configurations. We show 
that this class of finite energy waves can retain their intensity features over several diffraction 
lengths. The possibility of other physical realizations involving spatio-temporal Airy 
wavepackets is also considered. 
 In the third chapter of this study we report the first observation of Airy optical beams. 
This intriguing class of wavepackets has been realized in both one- and two-dimensional 
configurations. As demonstrated in our experiments, these Airy beams can exhibit unusual 
features such as the ability to remain quasi-diffraction-free over long distances while their 
intensity features tend to freely accelerate during propagation. 
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 In the fourth section of this dissertation of this report we demonstrate both theoretically 
and experimentally that optical Airy beams propagating in free space can perform ballistic 
dynamics akin to those of projectiles moving under the action of gravity. The parabolic 
trajectories of these beams as well as the motion of their center of gravity were observed in good 
agreement with theory. The possibility of circumventing an obstacle placed in the path of the 
Airy beam is discussed.  
 In the fifth chapter we investigate both theoretically and experimentally the self-healing 
properties of accelerating Airy beams. We show that this class of waves tends to reform during 
propagation in spite of the severity of the imposed perturbations. In all occasions the 
reconstruction of these beams is interpreted through their internal transverse power flow. The 
robustness of these optical beams in scattering and turbulent environments is also studied 
experimentally. Our observations are in excellent agreement with numerical simulations.  
 In the sixth chapter, we report the first experimental observation of self-trapped Airy 
beams in unbiased photorefractive media. As opposed to screening or photovoltaic spatial 
solitons, this new class of non-local self-localized beams owes its existence to carrier diffusion 
effects. These finite energy Airy states exhibit a highly asymmetric intensity profile that is 
uniquely determined by the inherent properties of the nonlinear crystal. In addition, these 
wavepackets self-bend during propagation at an acceleration rate that is independent of the 
thermal energy kBT associated with two-wave mixing diffusion nonlinearities. Our experimental 
results are in good agreement with theoretically anticipated behavior. 
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 In the seventh part of our thesis, we discuss curved plasma channels generated in air 
using ultraintense femtosecond Airy beams. Plasma channel generation (or filamentation) using 
ultraintense laser pulses in dielectric media has a wide spectrum of applications, ranging from 
remote sensing to terahertz generation to lightning control. So far, laser filamentation has been 
triggered with the use of ultrafast pulses with axially symmetric spatial beam profiles, thereby 
generating straight filaments. We report the experimental observation of curved plasma channels 
generated in air using femtosecond Airy beams. In this unusual propagation regime, the tightly 
confined main intensity feature of the axially nonsymmetric laser beam propagates along a bent 
trajectory, leaving a curved plasma channel behind. Secondary channels bifurcate from the 
primary bent channel at several locations along the beam path. The broadband radiation 
emanating from different longitudinal sections of the curved filament propagates along angularly 
resolved trajectories. 
 In the eight part of this dissertation, we report the first observation of discrete quadratic 
surface solitons in self-focusing and defocusing periodically poled lithium niobate waveguide 
arrays. By operating on either side of the phase-matching condition and using the cascading 
nonlinearity, both in-phase and staggered discrete surface solitons were observed. This 
represents the first experimental demonstration of staggered/gap surface solitons at the interface 
of a semi-infinite nonlinear lattice. The experimental results were found to be in good agreement 
with theory. 
 In the ninth chapter we present a novel class of linear optical bullets that is possible under 
anomalous dispersive conditions. Depending on their angular momentum numbers, these 
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wavepackets exhibit symmetries akin to those encountered in the quantum mechanical 
wavefunctions of a hydrogen atom. The dynamics of such states when they are apodized is 
analytically studied along with their associated energy flows. Other types of linear optical bullets 
generated through a spherical superposition from Archimedean and Platonic solids in k ω−

 
space are also investigated in this work. The possibility of spinning bullets is considered and the 
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CHAPTER TWO: FINITE ENERGY AIRY BEAMS 
 
2.1. Introduction 
Diffraction-free beams are by definition localized optical wavepackets that remain invariant 
during propagation. Perhaps the best known example of such a diffraction-free wave is the 
Bessel beam first predicted theoretically and experimentally demonstrated by Durnin et al in 
1987 [1,2]. Other such non-diffracting wave configurations include for example higher-order 
Bessel beams, Mathieu beams and their higher-order counterparts, as well as waves based on 
parabolic cylinder functions [3, 4]. In systems that exhibit bi-diffraction (normal diffraction in 
one direction and anomalous in the other) such as photonic crystals and lattices, non-diffracting 
X-waves and Bessel-like beams are also possible [5-7]. Strictly speaking, these solutions convey 
infinite power and for this very reason they are “impervious” to diffraction. If on the other hand 
these diffraction-free beams pass through a finite aperture (are truncated), diffraction eventually 
takes place [8]. Yet, in such cases, the rate of diffraction can be considerably slowed down 
depending on the degree of truncation, i.e. how large is the limiting amplitude aperture with 
respect to the features of the beam. In the case of finite Bessel beams, such effects were first 
theoretically analyzed by Gori et al [9]. 
 An important aspect associated with such diffraction/dispersion-free wavepackets is their 
dimensionality. In fact all the above mentioned solutions exist only in (2+1) D and (3+1) D 
configurations. The problem becomes more involved in the lowest dimension, (e.g. in (1+1) D) 
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that is known to describe the diffraction of planar optical beams or pulse propagation in 
dispersive optical fibers. Yet, even in this case, dispersion-free Airy wavepackets are possible, as 
first predicted by Berry and Balazs within the context of quantum mechanics [10]. This 
interesting class of Airy structures is rather unique in the sense that these beams lack parity 
symmetry and tend to accelerate during propagation. The acceleration process associated with 
these beams was later interpreted by Greenberger on the basis of the equivalence principle [11]. 
We emphasize that even in this latter case, the Airy wavepacket is again associated with an 
infinite energy. In addition, by its very nature, the Airy beam is “weakly confined” since its 
oscillating tail decays very slowly, i.e. ( ) ( )1/2 1/4 3/2( ) sin 2 / 3 / 4Ai x x xπ π− −  − ≈ +   as 
x →+∞ [12]. Therefore for all practical purposes, it will be rather difficult to synthesize such 
beams unless of course they are amplitude truncated. Finite energy (exponentially decaying) 
diffraction-less Airy planar beams in nonlinear unbiased photorefractive crystals have been 
predicted as a result of thermal diffusion [13]. Yet, so far, the propagation behavior of finite 
power Airy wavepackets has never been investigated under linear conditions, i.e., only under the 
action of diffraction or dispersion effects.  
 In this chapter we investigate the acceleration dynamics of quasi-diffraction free finite 
energy Airy beams. We show that even in this case, these Airy waves can retain their intensity 
features over several diffraction lengths and can still accelerate in the transverse direction. The 
propagation evolution of both one- and two-dimensional Airy beam configurations is 
investigated in detail. The possibility of other physical realizations involving spatio-temporal 




2.2. Finite energy Airy beams in one dimension 
We begin our analysis by considering the (1+1) D paraxial equation of diffraction that governs 












                     (1) 
In Eq. (1) 0/s x x= represents a dimensionless transverse coordinate, 0x is an arbitrary transverse 
scale, 20/z kxξ = is a normalized propagation distance (with respect to the Rayleigh range), and 
02 /k nπ λ=  is the wavenumber of the optical wave. Incidentally, this same equation is also 
known to govern pulse propagation in dispersive media [6].  
Here we study the dynamics of finite power Airy beams by considering their exponentially 
decaying version:  
   ( , 0) ( ) exp ( )s Ai s asϕ ξ = =                      (2) 
at the input of the system ( 0ξ = ). In Eq. (2) the decay factor 0a >  is a positive quantity so as to 
ensure containment of the infinite Airy tail and can thus enable the physical realization of such 
beams. We note that the positive branch of the Airy function decays very rapidly and thus the 
convergence of the function in Eq. (2) is guaranteed.  Figure 2.1(a) depicts the field profile of 
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such a beam at z=0 whereas Fig.2.1(b) its corresponding intensity. 
 
Figure 2.1 : a) Normalized field profile and b) normalized intensity profile of a finite energy Airy 
beam when 0.1a =   . 
 
Of interest is the Fourier spectrum of this beam which in the normalized k-space is given by: 
                 ( ) ( )2 3 2 30 ( ) exp exp 33
ik aK K a K ia Φ = − − − 
 
                          (3) 
From Eq. (3) it becomes directly evident that the wavepacket power spectrum is Gaussian.  From 
Parseval’s theorem, the total power of this finite-energy Airy wavepacket can be directly 
obtained and is given by: 
                      
3








= =∫                     (4) 
By directly solving Eq. (1) under the initial conditions of Eq. (2), we find that this Airy-like 
beam will evolve according to: 
 ( ) ( ) ( ) ( ) ( )( )2 2 3 2( , ) / 2 ex p / 2 /1 2 / 2 / 2s Ai s ia as a i i a i sϕ ξ ξ ξ ξ ξ ξ ξ = − + − − + +     (5) 
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Note that in the limit 0a = our solution reduces to the non-dispersive wavepacket found in Ref. 
[10]. Figure 2.2(a) shows the propagation of such a planar Airy beam up to a distance of 1.25  
meters when 0 100x mµ= and the decay parameter is 0.1a = . The corresponding cross-sections 
of the intensity profiles at various distances are shown in Fig. 2.2(b). For these parameters, the 
intensity FWHM of the first lobe of this beam is 171 mµ . We note that for a Gaussian beam of 
this same width, its Rayleigh range would have been13.25 cm at a wavelength of 0 0.5 mλ µ= . 
For this example the intensity features of this beam remain essentially invariant up to 75 cm as 
clearly seen in Fig. 2.2. Evidently this wave endures because of the quasi-diffraction free 
character of the Airy wavepacket. We emphasize that for this same distance, the front lobe of the 
beam would have expanded by at least 6 times. As Fig. 2.2(b) indicates, the beam starts to 
deteriorate first from the tail as a result of truncation. The last feature to disappear (around 100 
cm) is the front lobe. After, a certain distance (in this case 120 cm) the beam intensity becomes 
Gaussian-like, i.e. as expected from its Gaussian power spectrum in the Fraunhofer limit.  
 Even more importantly, in spite of its truncation (necessary for its realization), the Airy 
wavepacket still exhibits its most exotic feature, i.e. its trend to freely accelerate. This 
characteristic is rather peculiar given the fact that it may occur in free space, e.g. in the absence 
of any index gradients from prisms etc. This behavior is reflected in the term 2( / 2)s ξ− that 
appears in the argument of the Airy function in Eq. (5). These acceleration dynamics can be 
clearly seen in Fig. 2.2(a), where the beam’s parabolic trajectory becomes evident. For the 




Figure 2.2: a) Propagation dynamics of a finite energy Airy beam as a function of distance b) 
cross-sections of the normalized beam intensity at (i) z= 0 cm, (ii) 31.4 cm,  (iii) 62.8 cm, (iv) 
94.3 cm, and (v) 125.7 cm. 
 
2.3. Finite energy Airy beams in two dimensions 
 These results can be readily generalized in two dimensions, i.e. when the initial field 
envelope is given by ( ) ( )0 0 1 2( , , 0) ( / ) ( / ) exp / /x y z Ai x x Ai y y x w y wϕ  = = +  . The intensity 
profile of such a 2D beam at 0z = and 50z cm= is shown in Figs. 2.3(a) and (b) when 
0 0 100x y mµ= =  and 1 2 1w w mm= = . In this case, the 2D Airy beam remains almost invariant 





Figure 2.3: Two-dimensional finite energy Airy beam a) at the input z = 0 cm, and b) after 
propagating z = 50cm. 
 
 
2.4. Spatio-temporal Airy-Bessel bullets 
 In addition, Airy beams in combination with other non-diffracting field configurations 
can also be used to describe multi-dimensional (3+1D) finite energy wavepackets in the presence 
of diffraction and dispersion. In such a case, the beam envelope in the spatiotemporal domain 
obeys [6]: 






Z X Y T
ψ ψ ψ ψ ∂ ∂ ∂ ∂
+ + + = ∂ ∂ ∂ ∂ 
                    (6) 
where in Eq. (6), without any loss of generality, an anomalously dispersive system was assumed.          
For example, a localized Airy finite energy spatiotemporal wavepacket can be obtained using 
Bessel-Gauss beams [9], i.e. at the input 2 20 0( ) exp( ) ( ) exp( / )Ai T aT J r r wψ = − , where 
( )1/22 2r X Y= + and 0w  is the “aperture” spot-size of the beam. Under these initial conditions, 
using separation of variables we find that this wave evolves according to 
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( , ) ( , , )Z T U Z X Yψ ϕ= , where ( , )Z Tϕ is given by Eq.(5), and ( , , )U Z X Y is given by the 
solution of Gori et al [8]. Figure 2.4 depicts an isosurface plot of such an Airy-Bessel-Gauss 
wavepacket at the input 0Z =  (Fig. 2.4(a)) and after propagation at 3Z =  (Fig. 2.4(b)). Even in 
this case the wave accelerates forward and remains essentially invariant.  
 
Figure 2.4: Iso-surface intensity contour plot for a spatio-temporal Airy-Gauss-Bessel 
wavepacket (with  0.15a =  , 0 9w = ) a) at the input Z = 0, and b) after a normalized propagation 
distance of Z = 3. The arrow depicts the direction of acceleration 
 
Accelerating Airy wavepackets can also be implemented in dispersive optical fibers. Equation 
(3) suggests that in the temporal domain, such an exponentially decaying Airy pulse can be 
produced by passing a transform limited Gaussian pulse through a system with appreciable cubic 
dispersion [14].  A system of this sort can be implemented using another fiber at the zero 
dispersion point or by employing pulse shaping techniques [15]. Acceleration pulse dynamics 
can then be observed in a fiber with either normal or anomalous group velocity dispersion. 
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 In conclusion we have shown that freely accelerating finite energy Airy beams are 
possible in   both one- and two-dimensional configurations. The possibility of observing this 
same process in the spatio-temporal domain was also considered. 
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 CHAPTER THREE: OBSERVATION OF OPTICAL AIRY BEAMS 
 
3.1. Introduction 
In this Chapter we report the first observation of 1D and 2D accelerating diffraction-free Airy 
beams [1,2]. These beams, in contrast to the already known families of non-diffracting fields, are 
also possible in 1D and do not result from conical superposition. Our experiments demonstrate 
that even though the Airy beams are exponentially truncated (convey finite power) they still 
exhibit their key characteristics [2]. More specifically, they resist diffraction while their main 
intensity maxima or lobes tend to accelerate during propagation along parabolic trajectories. This 
behavior persists over long distances in spite of the fact that the center of gravity of these 
wavepackets remains constant (an outcome of Ehrenfest’s theorem) and diffraction eventually 
takes over [1-4]. The observed propagation dynamics is in good agreement with theory. 
 
3.2. Ideal and finite energy optical Airy beams 
To examine the behavior of optical Airy wavepackets, we invoke the normalized paraxial 
equation of diffraction (potential-free Schrödinger equation) [2]: 










                     (1) 
where ϕ  is the electric field envelope, 0/s x x= represents a dimensionless transverse 
coordinate, 0x is an arbitrary transverse scale, 
2
0/z kxξ =  is a normalized propagation distance, 
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and 02 /k nπ λ= . As first shown in Ref. [1], Eq. (1) admits the following Airy non-dispersive 
solution, 
  ( ) 2 2 3 3 3 60 0 0 0, [ / ( / 2 ) ]exp[ ( / 2 ) ( /12 )]x z Ai x x z kx i xz kx i z k xϕ = − −               (2) 
Clearly, at the origin 0( , 0) ( / )x z Ai x xϕ = = . Equation (2) clearly shows that the intensity profile 
of this wave remains invariant during propagation while it experiences constant acceleration. The 
term 2 20( / 2 )z kx  in Eq. (2) describes this ballistic orbit. Figure 3.1(a) depicts the diffraction-free 
propagation of such an accelerating Airy wavepacket as a function of distance ξ . An alternative 
interpretation of this interesting result was given by Greenberger through the principle of 
equivalence [5]. More specifically he remarked that a stationary Airy wavepacket associated 
with a quantum mechanical particle in a constant gravitational field, will be perceived as 
accelerating upwards by a free-falling observer in whose frame of inertia gravitational forces are 
absent.  As also indicated in [1], this accelerating behavior is by no means in conflict with 
Ehrenfest’s theorem which describes the motion of the center of gravity of a wavepacket [1,3]. 
This is because the Airy beam is not square-integrable ( 2 ( )Ai x dx →∞∫ ) and thus its center of 




Figure 3.1: Propagation dynamics of (a) a diffraction-free Airy wave, (b) a finite-energy Airy 
packet when 0.05a = .The corresponding input intensities of these beams are shown in the 
insets. The normalized transverse and longitudinal coordinates are 0/s x x= and 
2
0/z kxξ = respectively. 
 
 
3.3. Experimental set-up 
 The properties of finite energy (power) Airy beams were recently investigated 
theoretically within the context of optics [2]. One possible way to realize such beams is to 
introduce an exponential aperture function, i.e., let 0 0( , 0) ( / ) exp( / )x z Ai x x a xxϕ = = [2], where 
a is a positive parameter so as to ensure containment of the infinite Airy tail. Typically, 1a <<  
so that the resulting wavepacket closely resembles the intended Airy function (see inset of Fig. 




2 2 4 2 2 3 3 3 6
0 0 0 0 0
( , ) [ / / 2 / 2 ]
exp[ / ( / 2 ) ( / 2 ) ( / 2 ) ( /12 )]
x z Ai x x z kx iaz kx
ax x az k x i a z kx i xz kx i z k x
ϕ = − + ×
× − + + −
.        (3) 
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The Fourier transform 0 ( )KΦ of this finite norm wavepacket is proportional to 
( ) ( )2 30 ( ) exp exp / 3K aK iKΦ ∝ −  [2]. From this latter equation, one can readily deduce that the 
angular Fourier spectrum of this truncated Airy beam is Gaussian and involves a cubic phase 
( 3K )-resulting from the Fourier transform of the Airy function itself. This particular form of the 
spectrum has important implications in terms of experimentally synthesizing this truncated 
version of Airy packets. As a result, this wave can be generated from a broad Gaussian beam 
through a Fourier transformation provided that a cubic phase is imposed.  
 Figure 3.1(b), shows the propagation dynamics of a finite energy Airy wavepacket when 
0.05a = . As clearly seen, for 1a <<  the beam still displays all the interesting characteristics of 
the ideal Airy packet. During propagation, it remains quasi-invariant over several diffraction 
lengths while again the intensity features tend to “freely accelerate”. For this case, the beam 
behaves as if it was almost ideal (see Fig. 3.1(a)) for an appreciable distance until diffraction 
eventually takes over. We note that here, the term “acceleration” must be cautiously used since 
the center of mass of a finite energy Airy packet can be defined and in fact remains invariant 
with distance [1,5]. Yet, as depicted in Fig. 3.1(b), for small aperture factors the local intensity 
features still move on a parabolic-like trajectory and thus accelerate within the beam. 
             In order to study experimentally the propagation dynamics of finite energy Airy 
wavepackets we exploit the fact that the Fourier transform of the function 0 0( / ) exp( / )Ai x x a xx  
is a Gaussian beam modulated with a cubic phase. An air-cooled Argon-ion continuous-wave 
laser operating at 488 nm  emits a linearly polarized, high quality Gaussian beam that is 
subsequently collimated to a width of 6.7 mm (FWHM). This broad Gaussian beam is then 
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reflected from the front facet of a computer-controlled liquid crystal spatial light modulator 
(SLM). This SLM is used to impose the cubic-phase modulation ( 20 .. 20π π− + in 2 cm ) that is 
necessary to produce the Airy beam. In order to generate the one-dimensional Airy wavepacket a 
converging cylindrical lens with a focal length of 1.2f m=  is placed at a distance f  in front of 
the SLM phase array. After the SLM, the Fourier transform of this phase-modulated Gaussian 
beam is then obtained at a distance 1.2d f m= =  behind the lens. The Airy beam produced is 
then imaged on a carefully aligned CCD camera through a 5×  microscope objective. The 
propagation dynamics of these beams are then recorded as a function of propagation distance by 
translating the imaging apparatus. The experimental set-up is shown in Fig. 3.2.   
 
Figure 3.2: Experimental set-up. 
 
Figs. 3.3(a) and 3.3(b) show the phase masks used to generate the 1D and subsequently 2D Airy 
beams, respectively.  
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Figure 3.3: Phase masks used to generate (a) 1D and (b) 2D-Airy beams. The cubic phase is 
“wrapped” between [0,2 ]π . In the gray-scale pattern, black corresponds to 0 and white to 
2π radians. 
 
Figs. 3.4(a) and 3.4(b) show the necessary phase profile for an one-dimensional Airy beam in 
case that a “phasing wrapping” operation is not applied and it is applied respectively. 
 




3.4. Observation of accelerating Airy beams in one dimension 
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 Figure 3.5(a) depicts the intensity profile of a 1D exponentially truncated Airy beam at 
the origin ( 0z = ). In our experiment, 0 53x mµ=  and 0.11a = . Figs. 3.5(b) and 3.5(c) show the 
corresponding intensity profiles of this Airy packet at 10, 20z cm= , respectively. As expected, 
the beam remains almost diffraction-free while its main lobe tends to quadratically accelerate. 
Our measurements show that the spatial FWHM width of the main lobe (containing in this case 
more than 70 % of the total beam energy) remains almost invariant up to a distance of 
approximately 25 cm and retains its original value of 90 mµ≈ . It is worth noting that this occurs 
in free space and is by no means a result of some optical nonlinearity [7]. Figures 3.5(d)-3.5(f) 
depict the corresponding expected theoretical behavior of this same Airy packet at these same 
distances -in good agreement with experiment. Note that a Gaussian beam of this size would 
have diffracted at least 6-7 times in this same distance Figs. 3.5(g) and 3.5(g). In addition, had 
the cubic phase not been imposed on the initial broad wavefront, the resulting Gaussian beam 




Figure 3.5: Observed intensity cross-sections of a planar Airy beam at (a) z=0 cm, (b) 10 cm, and 
(c) 20 cm. Corresponding theoretical plots for these same distances (d), (e) and (f). (g) and (h) 
represent a comparison with a Gaussian beam having the same FWHM as the first lobe of the 
Airy beam. 
 
What was also clearly demonstrated in our experiment was the transverse acceleration of the 
local intensity maxima, Fig. 3.6. This parabolic-like trajectory is a result of acceleration and is 
well described by the theoretical relation 2 2 2 30 0/ (16 )dx z xλ π≅ , as long as the beam remains 
quasi-diffraction free and before diffraction effects take over. The solid line in Fig. 3.6 
corresponds to this latter analytical expression. As these results indicate, after 30 cm of 
propagation the beam experiences a deflection of 820 mµ -comparable to the total size of the 




Figure 3.6 : Transverse acceleration of an Airy beam when 0.11α = as a function of distance. 
Circles mark experimental results while the solid line represents the expected theoretical 
deflection. 
 
Again, we emphasize that that the acceleration observed here refers to the local intensity features 
of the packet. In all cases, the center of gravity x  of this wave remains invariant [1,4] since 
( )* */ ( / 2) x xd x dz i dxϕ ϕ ϕ ϕ∝ −∫ is constant. 
 
3.5. Observation of two-dimensional Airy wavepackets 
 Similarly we have also considered 2D Airy beams. The case of an ideal 2D Airy packet 
was first suggested by Besieris et al. [8]. In this case a 2D SLM phase pattern (Fig. 3.3(b)), was 
imposed on the Gaussian beam and was then Fourier transformed through a spherical lens. By 
doing so we were able to produce finite energy Airy wavepackets of the 
form 0 0 1 2( / ) ( / ) exp( / ) exp( / )Ai x x Ai y y x w y wϕ = . The evolution diffraction dynamics of these 
latter 2D field configurations can be readily solved by separation of variables using the result of 
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Eq. (3) [2]. The intensity distribution of such a wave is shown in Fig. 3.7(a), when 1 2w w= , 
corresponding to an x-y truncation factor of 0.11a = . In this case, approximately 50% of the 
energy resides in the main intensity lobe at the corner. In general, the flexibility in separately 
adjusting the x-y parameters allows one to control the transverse acceleration vector of this novel 
2D non-diffracting beam.  In our experiments we considered beams with equal scales in x-y, and 
thus the acceleration occurred along the 45o axis. For the pattern generated, 0 53x mµ= and the 
aperture factor is 0.11a = . As in the 1D case, our experimental results indicate that this 2D beam 
propagates almost diffraction-free up to a distance of 25 cm. The main lobe keeps its spot-size 
(90 mµ ) up to a distance of ~ 25cm and the beam moves on a 2D parabolic trajectory with 




Figure 3.7: (a) A schematic of a 2D Airy packet. Observed intensity distribution of a 2D Airy 
beam at (b) z = 0 cm, (c) z = 10 cm, and (d) z = 20 cm. Corresponding theoretical results at these 
same distances (e),(f) and (g). 
 
We would like to point out that 1D Airy wavepackets can also be synthesized in 
the temporal domain using dispersive elements [9].  This may lead to the first observation of 
dispersion-free Airy pulses in optical fibers, in both the normal and anomalous dispersion regime 
[10]. The use of Airy non-diffracting beams for particle manipulation [11,12] or in nonlinear 
media [7,13] may be another fruitful direction.   
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 In conclusion, we have reported the first observation of Airy optical wavepackets. As 
demonstrated in our experiments, these Airy beams can exhibit unusual features such as the 
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CHAPTER FOUR: BALLISTIC DYNAMICS OF AIRY BEAMS 
 
4.1. Introduction 
Quite recently, non-spreading freely-accelerating Airy beams have been realized for the first 
time, within the context of optics [1]. This observation was carried out by exploiting the formal 
analogy between the free-particle Schrödinger equation and the paraxial equation of diffraction-
validating an earlier theoretical prediction by Berry and Balazs [2]. Perhaps the most intriguing 
characteristic of the Airy wavepacket is its ability to accelerate even in the absence of any 
external potential. In fact, in one-dimensional settings the Airy wave happens to be unique: it is 
the only non-trivial solution (apart from the plane wave) that remains invariant during 
propagation [2,3]. It is important to note that like any other diffraction-free beam, the Airy wave 
carries infinite power and hence its realization demands some degree of truncation.   In two 
recent studies, the dynamics of exponentially truncated (finite energy) Airy beams have been 
explored [1,4]. In these works it was demonstrated that finite energy Airy beams can still resist 
diffraction while their main intensity maxima or lobes tend to accelerate during propagation 
along parabolic trajectories. The aforementioned acceleration occurs in spite of the fact that the 
center of gravity of these truncated waves remains invariant in accord with Ehrenfest’s theorem 
[5]. This behavior can persist over long distances until diffraction effects eventually take over 
[4]. Overall these unusual properties of the Airy wavepackets put them in a category by 
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themselves. Unlike other families of non-diffracting fields [6-8], Airy beams are also possible in 
one-dimension, do not result from conical superposition, and are thus highly asymmetric.  
In this chapter we show, both theoretically and experimentally, that the intensity features 
of optical Airy beams propagating in free space follow parabolic trajectories analogous to those 
of projectiles moving under the action of a uniform gravitational field. The ballistic dynamics of 
these Airy wavepackets corresponding to various launch conditions were directly observed and 
found to be in good agreement with theory. The motion of the center of gravity of these optical 
wavefunctions was also examined in our study.  
 
4.2. Ballistic trajectories of ideal Airy beams 
To analyze the ballistics of optical Airy beams we use the normalized paraxial equation 
of diffraction [1,4]: 












                                (1) 
where ϕ  is the electric field envelope, 02 /k nπ λ=  is the wavenumber of the optical wave, 
0/s x x= represents a dimensionless transverse coordinate, 0x is an arbitrary transverse scale, and 
2
0/z kxξ =  is a normalized propagation distance. Starting from Eq.(1), the acceleration dynamics 
of these exponentially truncated Airy beam solutions have been recently discussed in Refs. [1,4]. 
Here, in order to investigate their trajectories we consider the input field distribution 
( ), 0 ( ) exp( )exp( )s Ai s as ivsϕ ξ = = , where ( )Ai s represents the Airy function, a  in the 
exponential truncation factor is a small positive parameter, and v  is associated with the initial 
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launch angle (or “velocity”) of this beam. Under these initial conditions and from Eq. (1), we 
find that this finite energy Airy wave will evolve according to:  
                          
( ) ( )
( ) ( )( )
2 2
3 2 2 2
( , ) / 2 ex p / 2
exp /12 ( ) / 2 ( / 2)
s Ai s v ia as a av
i a v s vs v
ϕ ξ ξ ξ ξ ξ ξ
ξ ξ ξ
   = − − + − −  
 × − + − + + − 
.                  (2) 
From the argument of the Airy function in Eq. (2) one can conclude that this beam follows a 
ballistic trajectory in the s ξ−  plane which is described by the parabola ( )2/ 2s vξ ξ= + . In 
physical units, this parabolic deflection of the beam intensity features is given by 
( )2 2 30/ (4 )dx z z k xθ= + where the actual launch angle θ  in the x z− coordinates is related to the 
normalized v  parameter through 0/ ( )v kxθ = . In our case, the corresponding Newtonian 
(kinematical) equations describing this ballistics are ( )2 2 2 30/ 1/ 2d x dz k x g= = and 
/dx dz gz θ= +  where g plays here the role of “gravity”. The propagation dynamics of 
exponentially truncated Airy beams are shown in Fig. 4.1 under different launch conditions. As 
clearly illustrated in Fig. 4.1(a-c), these correspond to three distinct regimes.   
 
Figure 4.1: Ballistic dynamics of an ideal Airy beam ( 0)a = when (a) 2v = − , (b) 0v = and (c) 




More specifically when this wave is launched upwards (when the launch angle is negative 
0v < ), the beam will initially ascend until it stalls due to downward acceleration at 
2 3
0ˆ / 2z g k xθ θ= − = − . At this apogee point the maximum deflection is
2 2 3
max 0dx k xθ= − . From 
that point on, the packet will accelerate downwards as shown in Fig. 4.1(a). In fact, this ballistic 
behavior suggests that the Airy wavepacket can circumvent an opaque object O (depicted 
schematically in Fig. 4.1(a)) lying straight in its path, by following instead a curved trajectory.  If 
on the other hand the launch angle is zero, the wave will follow a parabolic trajectory (Fig. 
4.1(b)), similar to that predicted and demonstrated in Refs. [1,2,4]. The case 0v > is shown in 
Fig. 4.1(c).  
 
4.3. Observation of self-bending Airy beam ballistics 
The experimental set-up used to observe the ballistic dynamics of finite energy Airy 
wavepackets is shown in Fig. 4.2. 
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Figure 4.2: Experimental set-up 
 
As in Ref. [1], the Airy wavefront  ( ) exp( )exp( )Ai s as ivs  is generated by imposing a 
cubic modulation on the phase of a broad Gaussian beam. The cubic phase was obtained from 
the front facet of a computer-controlled Hamamatsu X8267 parallel aligned nematic liquid 
crystal spatial light modulator (SLM). The linearly polarized Gaussian beam was produced from 
an Argon-ion continuous-wave laser operating at 488 nm . This beam was then collimated by a 
beam expander at a FWHM of 6.7 mm  [1]. In order to generate the one-dimensional Airy 
wavepacket a converging cylindrical lens L with 1.2f m=  was placed at a distance f  in front 
of the SLM phase array. The propagation dynamics of these beams were then recorded as a 
function of propagation distance by translating the imaging apparatus. The origin 0z =  is taken 
at a distance f after the lens, e.g. at the point where the exponentially truncated Airy function is 
Fourier generated. The launch angle θ  is controlled by varying the transverse displacement of 
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the imaging lens with respect to the axis of the system. This operation is equivalent to the 
shifting property of Fourier transforms [9].  
Figure 4.3(a) shows the intensity profile of the Airy beam experimentally produced at 
0z = , as used for all launching angles. Figure 4.3(b) on the other hand depicts the corresponding 
best-fitted theoretical intensity cross-section of this wave. In our case the best fit is obtained for 
0 59x mµ=  and for an aperture parameter 0.08a = .  
 
Figure 4.3: Input intensity profile of the Airy beam used for all launching angles (a) experiment 




The ballistic dynamics of these exponentially truncated Airy beams are shown in Fig. 4.4 
for various launch angles. The parabolic trajectories of the intensity features of these waves were 
monitored up to a distance of 25 cm  and the wavefront tilt angle varied from -1.33 to 0.83 
millirad in order to realize the three ballistic regimes discussed above. The curves A, B, C in Fig. 
4.4 were obtained for 1.33, 1.0, 0.5 mradθ = − − − respectively. As one can clearly see, for a lunch 
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angle of 1.33 mradθ = − , the Airy beam reaches its apogee at 2 30ˆ 2 9z k x cmθ= − ≈ , at which 
point the beam deflection is, 2 2 3max 0 60dx k x mθ µ= − ≈ , in excellent agreement with our 
predictions. Curve D in Fig. 4.4 corresponds approximately to a zero launch angle and its 
parabolic trajectory is similar to that reported in Ref. [1]. On the other hand, curve E, in Fig. 4.4, 
is obtained for 0.83 mradθ = + . For this latter scenario, the acceleration displacement is further 
enhanced because of downward motion. The solid lines in Fig. 4.4 correspond to the theoretical 
curves associated with these cases.  
              
Figure 4.4: Airy beam ballistics for (A) 1.33 mradθ = − , (B) 1.0 mradθ = − , (C) 
0.5 mradθ = − , (D) 0.17 mradθ = + , and (E) 0.83 mradθ = + . 
 
 
4.4. Ehrenfest’s theorem for optical Airy beams 
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Following the analysis of Refs. [2,10] we study the motion of the center of gravity of 
these finite energy Airy wavepackets. As usual, the intensity centroid is defined as  
( )
2
( ) 1/ ( , )s N s s dsξ ϕ ξ= ∫ where in our case the constant norm is given by 
( ) ( )2 1/2 38 exp 2 / 3N ds a aϕ π −= =∫ [4]. From Ehrenfest’s theorem [5] it can be shown that 
/d s d vξ = , from where one can deduce that [10]:   





ξ −= + .                     (3) 
Equation (3) indicates that the center of gravity of these beams moves at a constant velocity (or 
remains invariant for 0v = ) as a function of propagation distance. Figure 4.5 clearly shows this 
linear behavior for the same launch angles used in Fig. 4.4. 
   
Figure 4.5: Motion of the beam’s center of gravity as a function of distance for the same 




 We emphasize again that the aforementioned acceleration behavior refers to the trajectories of 
the local beam intensity features and is by no means in contradiction with Ehrenfest’s theorem.  
 Finally, given the peculiar features associated with Airy wavepackets, perhaps it will be 
of interest to further explore their behavior in other settings. These include for example, their 
reflection and refraction as well as their propagation under nonlinear conditions [11,12].  
 In conclusion we have theoretically and experimentally demonstrated that optical Airy 
beams propagating in free space can perform ballistic dynamics akin to those of projectiles 
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CHAPTER FIVE: SELF-HEALING PROPERTIES OF AIRY BEAMS 
 
5.1. Introduction 
Quite recently accelerating Airy beams have been predicted within the framework of optics [1]. 
As it was demonstrated in this theoretical study [1], this novel class of waves can exhibit two key 
characteristics: they remain approximately diffraction-free while their intensity features tend to 
transversely accelerate (or self-bend) during propagation. This suggestion led to the first 
experimental realization of optical Airy beams where these intriguing properties were directly 
observed in one- and two-dimensional configurations [2]. In a subsequent study the ballistic 
dynamics of Airy beams were also studied experimentally, indicating that these waves can move 
along parabolic trajectories-akin to those of projectiles under the action of gravity-while their 
center of gravity follows a straight line [3,4]. We note that these finite-energy beams are 
mathematically related to the non-spreading Airy wavepackets initially considered by Berry and 
Balazs within the context of quantum mechanics [5].  
 These works generated interest in further exploring the nature and peculiarities of Airy 
beams [6-11]. More specifically Besieris and Shaarawi showed that the centroid of Airy beams 
varies linearly with range [4]. Bandres and Gutiérrez-Vega studied the propagation of Airy 
beams in ABCD systems [7] while Sztul and Alfano investigated in detail the evolution of their 
Poynting vector and angular momentum [8]. The possibility of realizing generalized tomographic 
maps using Airy waves was suggested by Asorey et al [9]. Spatiotemporal Airy wavepackets can 
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also be encountered in dispersive environments [1,2], and Airy tails can be observed during non-
solitonic radiation as indicated by Gorbach and Skryabin [10].  
 Perhaps one of the most remarkable properties of any diffraction-free beam [12,13] is its 
very ability to self-reconstruct during propagation [14,15]. This characteristic is of particular 
importance especially when such waves propagate in inhomogeneous media [16]. The question 
naturally arises whether Airy beams can self-heal themselves and to what extent? If so, how does 
this process take place and how is it affected by the beam’s acceleration dynamics? For example, 
can an Airy beam negotiate adverse environments?  
 In this work we study both theoretically and experimentally the self-healing properties of 
optical Airy beams. We show that this family of waves exhibits remarkable resilience against 
perturbations and tends to reform during propagation.  In all the examined physical settings the 
reconstruction of these beams is monitored through their internal transverse power flow. The 
robustness of these optical beams in adverse environments such as in scattering and turbulent 
media is also studied experimentally. Our observations are in excellent agreement with 
numerical simulations. Finally, we have demonstrated that an Airy beam can retain its shape 
under turbulent conditions as opposed to a Gaussian beam that suffers massive deformations in 
the same environment.  
 
5.2. Diffraction dynamics of two-dimensional Airy beams with tilted wavefronts 
 To analyze the propagation behavior of optical Airy beams we employ the normalized 
paraxial equation of diffraction [1-3]: 
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z k x k y
ϕ ϕ ϕ∂ ∂ ∂
+ + =
∂ ∂ ∂
                                   (1) 
whereϕ  is the electric field envelope and 02 /k nπ λ=  is the wavenumber of the optical wave. 
Following the approach of Ref. [1], the evolution of a two-dimensional finite energy accelerating 
Airy beam, whose field profile at the origin is given by 
( )
,
, , 0 ( ) exp( )exp( )m m m m m
m x y
x y z Ai s a s iv sϕ
=
= = ∏ , can be obtained  in closed form: 
   
,
( , , ) ( , )m m m
m x y
x y z u sϕ ξ
=
= ∏                     (2a) 
Where 
 
( ) ( )
( ) ( )( )
2 2
3 2 2 2
( , ) / 2 ex p / 2
exp /12 ( ) / 2 ( / 2) .
m m m m m m m m m m m m m m m m
m m m m m m m m m
u s Ai s v ia a s a a v
i a v s v s v
ξ ξ ξ ξ ξ ξ
ξ ξ ξ
   = − − + × − −  
 × − + − + + − 
       (2b) 
( )mAi s  denotes the Airy function [17], 0/xs x x=  and 0/ys y y=  represent dimensionless 
transverse coordinates, with 0 0,x y  being arbitrary transverse scales, and 
2
0/x z kxξ = and 
2
0/y z kyξ =  are used to normalize the propagation distance z . ma  in the exponential function is a 
small positive parameter associated with the effective aperture of the system, and mv  is related to 
the initial launch angle mθ  (or “velocity”) of this beam through 0 0/ ( , )m m k x yθ ν=  [3]. Fig. 5.1 
shows experimental results at 0z =  and 20z cm=  describing the evolution of a two-dimensional 
Airy beam when 0.08ma = ( , )m x y= , 0 150x mµ≈ and 0 77y mµ≈ . The scaling bar in Fig. 
5.1(a). and in all the figures of this work corresponds to 200 mµ . 
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Figure 5.1: . Intensity cross-sections of an experimentally observed two-dimensional Airy beam 
with 0 150x mµ=  and 0 77y mµ= and 0.08a = at (a) 0z = and (b) 20z cm= . 
 
 
From Eq. 2(b) one can also directly determine the trajectory of the main (corner) lobe of the Airy 
beam as a function of distance. This 3D curve is given by: 





















                              (3) 
       In principle this trajectory can be appropriately tailored through the magnitude and sign of 
the launch angles mθ , and the scales 0 0,x y . Clearly, for zero launch angles mθ  and if 0 0x y= , 
the main lobe of the Airy beam will move on a parabola (projected along the 45 axis in the 
x y− plane). On the other hand, a “boomerang-like” curve may result if for example the “launch” 
angles are chosen to have opposite signs, say 2x mradθ = − and 2y mradθ =  
(while 0 0 77x y mµ= = ), as shown in Fig. 5.2. What is also very interesting is the fact that these 
displacements vary quadratically with the wavelength 0λ .  
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Figure 5.2: Motion of the main lobe of a symmetric 0 0( 77 )x y mµ= =  Airy beam when launched 
at 2x mradθ = −  and 2y mradθ =  . 
 
 
5.3. Babinet’s principle for a non-diffracting beam  
The self-healing properties of a non-diffracting (ND) field configuration, when it is partially 
blocked by a finite opaque obstacle at 0z = , can be explained from Babinet’s principle [15]. If 
the non-diffracting input field is disturbed by a finite energy perturbation ( , )x yε , i.e.  
( ) ( ) ( ), , 0 , , 0 , , 0NDx y z U x y z x y zϕ ε= = = − = , then from Eq. (1) one finds that 
2(1/ 2 ) 0zi kε ε⊥+ ∇ = . As a result the perturbation ε  is expected to rapidly diffract as opposed to 
the non-diffracting beam that remains invariant during propagation. As a consequence, at large 
distances ( ) ( )2 2, , , ,NDx y z U x y zϕ ≅ , and hence the ND beam reforms during propagation. This 
argument holds for all ND fields including the accelerating Airy beam.  
 
5.4. Transverse power flow of an optical Airy beam 
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 Of relevance to our discussion is the Poynting vector S

 associated with Airy optical 
beams. In the paraxial regime, S

is given by [18]: 




iS S S z
k
ϕ ϕ ϕ ϕ ϕ
η η⊥ ⊥ ⊥
 = + = + ∇ − ∇ 
  
                      (4) 
where 0 0 0η µ ε=  is the impedance of free space. zS

denotes the longitudinal component of the 
Poynting vector whereas S⊥

the transverse.  From Eqs. (3,4) one can directly obtain the direction 
of the Poynting vector associated with an ideal 2D Airy ( 0ma = ) beam, as schematically 
indicated in Fig. 5.3.  
 
                      
Figure 5.3: Schematic representation of the Poynting vector S





 More specifically, the angle ψ  the projection of S

makes with respect to x  axis is given by: 
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                          (5) 
On the other hand, the direction of S

relative to the z axis is given by: 
                                       
2 22 2







S S z z
S k x k y
δ θ θ
+    
= = + + +   
   
 .                         (6) 
Note that for ideal Airy beams, the Poynting vector S

 is at every point parallel to the unit 
tangent vector l̂ of the trajectory curve of Eq. (3) (see Fig. 5.2). This statement is also valid for 
finite energy Airy beams during the quasi-diffraction free stage of propagation. At larger 
distances however small deviations are expected to occur as shown in Fig. 5.4 for the 1D case. In 
addition one can show that the polarization of the beam can evolve in a similar manner.  
    
Figure 5.4: Direction of the Poynting vector S

 (red line) associated with an one-dimensional 
finite energy Airy when 0.05a = and 0 77x mµ= as a function of distanceξ . The blue line 





The reconstruction of an accelerating optical Airy beam will be monitored in our work through 




5.5. Observation of self-healing properties of a two-dimensional Airy beam 
 As in Refs. [2,3], the Airy wavefront  0 0 0 0( / ) exp( / ) ( / ) exp( / )Ai x x ax x Ai y y ay y  is 
produced by Fourier transforming a broad Gaussian beam when a 2D cubic phase modulation is 
imposed. A linearly polarized Gaussian beam from an Argon-ion laser at 488 nm  is collimated 
using a beam expander to a beam width of 6.7 mm . The cubic phase (Fig. 5.5(a)) was introduced 
using a computer controlled spatial light modulator (SLM). A spherical lens L with a focal length 
1f m=  was placed at a distance f  in front of the SLM phase array in order to generate the 
finite energy two-dimensional Airy wavepacket. The exponentially truncated Airy 
function 0 0( 77 , 0.08)x y m aµ= ≅ =  is Fourier generated at a distance f after the lens (Fig 
5.5(b)). The propagation dynamics of these beams can then be recorded, as a function of 
propagation distance, by translating the imaging apparatus. In order to block the Airy pattern in a 




       
Figure 5.5: (a) Two-dimensional cubic phase mask, and (b) experimentally observed Airy beam. 
 
In order to demonstrate the self-healing properties of Airy beams (after they have been 
perturbed) we monitor their self-reconstruction during propagation. In all cases we block a 
portion of its initial intensity profile. The most prominent intensity characteristic of an Airy 
beam happens to be its main corner lobe (as seen in Fig. 5.5(b)) which contains a large 
percentage of the beam’s total power (in our case almost 40%). In a first experiment, an opaque 
rectangular obstacle was employed to obstruct the corner lobe of the Airy pattern.  The resulting 
intensity distribution is shown in Fig 5.6(a) where the FWHM of the blocked lobe feature was 
approximately 130 mµ  corresponding to 0 0 77x y mµ= ≈ and 0.08a = . Figure 5.6(b) depicts the 
reformation of this Airy beam after a distance of 11z cm= . The self-healing of this beam is 
apparent. The main lobe is reborn at the corner and persists undistorted up to a distance of 30cm  
(Fig. 5.6(c)). In our set up, this latter distance ( 30cm ) corresponds approximately to four 
diffraction lengths of the corner lobe. Our experimental observations are in excellent agreement 
with numerical results presented in Figs 5.6(d-f) for the same propagation distances. 
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Figure 5.6: Self-healing of an Airy beam when its main lobe is blocked. Observed intensity 
profile at (a) the input 0z = , (b) 11z cm= , and (c) 30z cm= . The corresponding numerical 
simulations are shown in (d-f). 
 
We note that had the main lobe been launched in isolation it would have experienced a 5-fold 
increase in the beam width over the same propagation distance, while the peak intensity would 
have dropped to 5% of its initial value. We have carried out this experiment for comparison 
purposes. Figure 5.7(a) shows this main lobe at 0z cm= and after 30z cm=  (Fig 5.7(b)). The 
corresponding numerical simulations are shown in Figs. 5.7(c) and 5.7(d). This is another 
manifestation of the non-diffracting nature of Airy beams.  
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Figure 5.7: (a) Main lobe in isolation is observed at 0z = , (b) and after diffraction at 30z cm= .  
(c), (d) Corresponding intensity profiles as obtained from theory. 
 
 
In order to understand this self-healing process it is important to study the internal transverse 
power flow S⊥

 within the perturbed Airy beam.  To do so we use the result of Eq. (4). Figure 
5.8(a) depicts the transverse flow within the Airy beam at 1z cm=  when the main lobe has been 
removed. Evidently the power flows from the side lobes towards the corner in order to facilitate 
self-healing. On the other hand, once reconstruction has been reached (at 11z cm= ), then the 
internal power density around the newly-formed main lobe flows along the 45 axis in the x y−  
plane (for 0 0x y= ) in order to enable the acceleration dynamics of the Airy beam (Fig. 5.8(b)).  
             
Figure 5.8: Calculated transverse power flow S⊥





 So far we have experimentally demonstrated that an Airy beam can reconstruct itself 
when its main lobe has been blocked. Of interest will be to examine whether the beam could self-
heal even after more severe perturbations. In a second set of experiments we have totally blocked 
all the internal structure (lobes) of the Airy pattern (Fig 5.9(a)). Remarkably after 16z cm=  of 
propagation the beam self-heals and reconstructs in detail its fine intensity structure as depicted 
in Fig. 5.9(b). Figures 5.9(c) and 5.9(d) show the corresponding calculated intensity profiles for 
these same distances. 
                 
                 
Figure 5.9: Self-healing of an Airy beam when all the internal lobes are blocked. Observed 
intensity profiles at (a) the input 0z = and (b) 16z cm= . The corresponding numerical 
simulations are shown in (c) and (d). 
 
The internal power flow during this latter self-healing process is shown in Fig. 5.10. At 1z cm= , 
the Poynting vector provides energy towards the blocked region for rebirth to occur while on the 
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main lobe is directed along 45  in the x y−  plane in order to enable the self-bending of the Airy 
beam.  
      
Figure 5.10: Transverse power flow S⊥

revealing the self-healing mechanism at 1z cm= . 
 
 Another possibility is to block a 3x3 lobe portion of the Airy beam around its corner as 
shown in Figure 5.11(a) using a metallic obstacle. In this case the beam reforms at 24z cm= (Fig 
5.11(b)). Compared to the other two cases, this self-healing distance is somewhat longer since 
the perturbation is now more severe (given the ratio of the power blocked over the incident 
power).  Figures 5.11(c) and 5.11(d) show the corresponding simulated patterns while figure 




        
Figure 5.11: Self-healing of an Airy beam when a region of 9 lobes is blocked. Observed 
intensity profiles at (a) the input 0z = and (b) 24z cm= . The corresponding numerical 
simulations are shown in (c) and (d). Calculated transverse power flow S⊥

at (e) 1z cm= . 
 
     Finally we present experimental evidence of Airy beam reconstruction when a non symmetric 
obstruction is used. This asymmetric perturbation was carried out by blocking the first three 
lobes of an Airy wavepacket along the y  axis as shown in figure 5.12(a). Interestingly, in this 
physical setting, the beam not only self-heals itself after 18z cm=  but also the initially blocked 
part is reborn even brighter when compared to its surroundings (Fig. 5.12(b)). This is a clear 
manifestation of the non-diffracting character of the Airy beam. The corresponding numerical 
results (Figs. 5.12(c) and 5.12(d)) are in excellent agreement with the experiments. 
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Figure 5.12: Self-healing of an Airy beam when 3 lobes along y  axis are blocked. Observed 
intensity cross-sections at (a) the input 0z = and (b) 18z cm= . The corresponding numerical 
simulations are shown in (c) and (d).  
 
 
5.6. Self-healing of an optical Airy beam in scattering environments 
 In the previous section we have demonstrated that optical Airy beams are remarkably 
resilient to amplitude deformations when propagating in free space. The question is:  are such 
self-healing Airy wavepackets also robust in adverse environments? To address this question we 
have experimentally studied the propagation of Airy beams in scattering and turbulent media.   
In order to study the self-healing dynamics of Airy beams in scattering media we have again 
blocked their main corner lobe (Fig. 5.13(a)). To do so we have prepared two different samples 
of silica microspheres ( 1.45n = ) suspended in pure water ( 1.33n = ). The size of the dielectric 
micro-particles was 0.5 mµ  and 1.5 mµ  in diameter and thus light scattering was predominantly 
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of the Mie type [19]. Both suspensions were 0.2% in weight concentration while the volume 
filling factor was 0.1%  (the specific gravity of the silica particles is
2
2SiOρ = ). We have 
ultrasonicated the prepared mixtures for one hour, to make sure that the silica particles were 
mono-dispersedly suspended in water. The scattering cross-section of the microspheres is 
estimated to be 20.055 mµ  and 23.76 mµ  [20] for the small and large particles respectively. 
These values lead to significant light scattering, enough to give a granular appearance when the 
beam propagates 5cm  in the water-silica mixture (diameter of 0.5 mµ ) (Fig. 5.13(b)). A longer 
(10cm ) cell was used to observe the complete reformation of the Airy pattern in the same 
scattering media. Figure 5.13(c) depicts the self-healing of an Airy beam after propagating 
10cm in the same environment. Besides the anticipated drop in the beam intensity due to Mie 
scattering, the beam still exhibits in every respect its characteristic pattern. 
            
Figure 5.13: Self-healing of an Airy beam when propagating in a suspension of 0.5 mµ  silica 
micro-spheres in pure water. Observed intensity profiles at (a) the input 0z = , (b) 5z cm= , and 
(c) 10z cm= . 
 
To complete our observations we have repeated the same experiment with 1.5 mµ  microspheres 
having a much larger scattering cross-section and hence more pronounced scattering effects. The 
self-reconstructed beam at the end of a 10cm glass cell is depicted in Fig. 5.14. 
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Figure 5.14: Self-healing of an Airy beam in a suspension of 1.5 mµ  silica micro-spheres in pure 
water after a propagation distance of 10z cm= . 
 
 
5.7. Resilient Airy beam propagation in a turbulent medium 
 Finally, we have studied the effect of turbulence on an Airy beam. The turbulent 
environment was realized over a heated rough accordion-shaped aluminum foil above which 
violent heat convection air currents were generated. The turbulence was controlled by adjusting 
the temperature of the hotplate around 300 degrees Fahrenheit. The Airy beam was then passed 
right above the aluminum foil up to a distance of 8cm . In all our experiments the resilience of 
the Airy beam (without any initial amplitude distortions) against turbulence was remarkable (Fig 
5.15(a) and the related video file [21]). To some extent this robustness can be qualitatively 
understood if one considers the phase structure of the beam: alternations in phase between 0 ’s 
andπ ’s result in zero-intensity regions and these singularities can be in turn extremely stable 
[22,23]. For comparison purposes we turned off the cubic phase from the SLM, thus producing a 
comparable Gaussian beam. This diffracting Gaussian beam was then passed through the same 
turbulent system. Unlike the Airy beam, the Gaussian beam suffered massive distortions as it is 
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evident from Fig. 5.15(b) and the related video file [24]. Clearly the Gaussian beam is heavily 
deformed (shape distortion and continuous “center of mass” hopping) and it exhibits a rather 
involved phase structure.  
              
Figure 5.15: Propagation in a turbulent medium of (a) an optical Airy beam and (b) a comparable 
Gaussian beam.  
 
 
In this work we have demonstrated both theoretically and experimentally the self-healing 
properties of optical Airy beams. By monitoring their internal transverse power flow we have 
provided insight concerning the self-healing mechanism of Airy beams. We have also 
experimentally shown that these optical beams can also be robust in adverse environments such 
as in scattering and turbulent media. Our observations are in excellent agreement with numerical 
simulations. Finally, we have demonstrated that an Airy beam can retain its shape and structure 
under turbulent conditions as opposed to a comparable Gaussian beam that suffers from massive 
deformations. We believe that the robust nature of Airy beams may have important implications 
in other areas. These may include atmospheric propagation of non-diffracting Airy beams as well 
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CHAPTER SIX: DIFFUSION-TRAPPED AIRY BEAMS  
 
6.1. Introduction 
The recent demonstration of optical Airy beams [1,2] has triggered a resurgence of interest in 
non-diffracting beam propagation.  Like Bessel beams [3], Airy functions are exact solutions to 
the paraxial wave equation, are infinitely wide in the transverse direction, and are self-healing.  
Unlike other such beams, though, Airy beams are asymmetric and accelerate freely [1].  This 
curved trajectory, first noted within the framework of quantum mechanics by Berry and Balazs 
[4], has found immediate applications in optics, with interest ranging from optical trapping [5] 
and plasma waveguiding [6] to tomography [7] and frequency generation [8].  In practice, 
however, all non-diffracting beams must be truncated, to keep the energy finite.   Such truncated 
beams eventually diffract and lose their unique structure and properties.  Hence, it is important to 
identify physical mechanisms that could allow these highly localized wavepackets to propagate 
in a true diffraction-free manner. 
 Nonlinear media naturally suggest themselves, as it is well known that self-focusing can 
counteract the effects of dispersion and diffraction [9].  For example, the nonlinear index change 
due to photoexcited charge carriers in photorefractive media, e.g. through screening [10-12] or 
photovoltaic effects [13,14], can lead to beam self-trapping and the formation of solitons.  These 
invariant beams are usually symmetric, due to the even (second-order) nature of diffraction, and 
the typical nonlinear responses are local and conservative.  Indeed, more complex responses, 
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such as the gradient-sensitive diffusion nonlinearity [15,16], usually trigger a whole different 
class of instability and dynamics.  For example, the nonlocal and non-conservative action of 
diffusion can cause energy exchange among spectral components, leading to two-wave mixing, 
beam fanning, and self-bending [17-19].  As a result, it has been commonly assumed that the 
diffusion nonlinearity cannot cause a beam to self-trap.  On the other hand, the highly 
asymmetric action suggests that invariant propagation may be possible using highly asymmetric 
beams.   
 The prospect of observing a diffusion-trapped exponentially contained Airy wavepacket 
in nonlinear photorefractive media was first proposed in Ref. [20].  In this chapter, we 
experimentally confirm this prediction and demonstrate that these wavepackets self-bend during 
propagation at a rate that happens to be independent of the thermal energy kBT.  Further, we give 
direct evidence, through temporal and spectral measurements, that internal wave mixing between 
the components underlies the self-localization process.  Our experimental results are in good 
agreement with theoretically anticipated behavior.  
 
6.2. Theory of diffusion trapped nonlinear Airy states in photorefractive media 
 Before we present our experimental results, we will briefly outline some of the theoretical 
aspects associated with diffusion-trapped Airy states in photorefractive media. Starting from the 
Kukhtarev-Vinetskii model [15, 16], the diffusion space-charge field scE

arising from an optical 
illumination intensity I  can be determined from ( ) ( ) 1/sc B dE k T e I I I
−= − ∇ +

where Bk T is the 
thermal energy and e is the electron charge. dI is the so-called “dark irradiance” that 
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phenomenologically accounts for the rate of thermally generated electrons and will be neglected 
here since in our work dI I>> . Given that our experiments were conducted in strontium barium 
niobate crystals (SBN:75), we will subsequently focus our discussion on this arrangement. The 
diffraction dynamics of a planar beam propagating along the a-axis of this uniaxial crystal, are 






E xkn r k TE Ei E




   .  (1) 
In Eq.(1), n  is the effective refractive index of the medium, /k n cω=  is the optical 
wavenumber, and E is the optical field envelope. effr stands for the electrooptic coefficient 
involved and the x coordinate coincides with the optical c-axis. In the SBN configuration, for 
extraordinarily polarized waves 33effr r= while for ordinarily polarized waves 13effr r= . In all 
cases, the beams are planar, e.g. diffraction takes place only along x. Under these conditions, a 
diffusion-trapped Airy state is possible and is given by [20]: 
 
( ) ( ) ( ) ( ){ }2 30 4 exp 2 exp 2 24E E Ai iεη γ γη εηξ ξ = + − +   .  (2) 
 
In Eq.(2), ( )Ai x represents the Airy function, ( )2 / 4sη εξ= − , 0E is peak field amplitude and 
1ε = ± depending on the sign of effr . In the above expression, the coordinates have been 
normalized, e.g. 0/s x x= and ( )20/z kxξ = , where 0x is an arbitrary spatial scale. Note that this 
Airy self-localized wave is exponentially truncated with a decay coefficient 
61 
 
( )2 2 0 / 2eff Bk n x r k T eγ = , and thus conveys finite power. It is also evident that this asymmetric 
wavepacket propagates without any change (in spite of diffraction effects) while it continuously 
self-bends during propagation at a rate 2 / 4ξ that is independent of Bk T . 
 In the linear case (γ = 0), the solution reduces to a simple, infinitely-extended Airy 
function, first obtained in Ref.[4].  In the nonlinear, truncated case ( 0γ ≠ ), Eq. (2) indicates that 
these asymmetric and diffraction-free properties are retained, with invariant propagation arising 
from diffusion effects.  Interestingly, this self-trapping is due to irreversible transverse energy 
flow, which in turn explains the large asymmetry in the beam’s intensity profile.   
 To understand the dynamics of these finite energy Airy wavepackets, we consider their 
internal transverse power flow. In the paraxial domain, the transverse Poynting vector is given by 
( ) ( )1 * *0ˆ 4 x xS ix k EE E Eη −⊥ = −

 where /xE E x= ∂ ∂ [21,22]. Figure 1 depicts the intensity profile 
of a diffusion-trapped Airy state during propagation when the photorefractive decay factor 




Figure 6.1: Transverse energy power flow. The intensity profile of a self-trapped Airy state 
during propagation when the photorefractive decay factor is present. 
This beam constantly accelerates with distance and moves along a parabolic trajectory.  The 
arrows in the Figure, indicating the lateral power flow density, all point toward the direction of 
deflection.  In addition, their magnitude increases linearly with distance, showing that the beam 
constantly accelerates as it propagates, so as to keep up with displacement of the beam’s centroid 





= +                        .     (3) 
The propagation of this same beam in the linear case (without material charge diffusion) is 




Figure 6.2:  Transverse energy power flow.  The intensity profile of an Airy state during 
propagation in the absence of diffusion 
 
 In this case, because of high confinement, the intensity features of the beam continuously 
broaden during propagation. This is also apparent in the direction of the transverse flow. In this 
regime, the arrows point in both directions, so as to allow the centroid to move along a straight 
line [23].  For the case of a reverse-phase chirp [s → -s in Eq. (2)], the phase acceleration is in 




Figure 6.3: Transverse energy power flow. (a) The intensity profile of the same Airy beam in the 
presence of diffusion but in the case that the phase is reversed. 
 
 Again, power flows in both directions, though with a more complex pattern than in the linear, 
purely diffractive case.  
 The exponental truncation exp(-2γη) contributes greatly to the experimental ease of 
production.  The impact of this is seen most clearly by Fourier transforming Eq. (2), which gives 
Φ(K) ~ exp(-AK2)exp(iK3/3), where A is a constant proportional to γ [2].  This is simply a 
Gaussian spectrum modulated with a cubic phase.   
 
6.3. Experimental observation of self-trapped Airy states due to diffusion nonlinearity 
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 Experimental confirmation of Eq. (2) was performed using 532 nm continuous wave laser 
light projected onto an 8x8x8 mm Strontium Barium Niobate (SBN):75 crystal.  The setup is 
shown in Fig. 4.  
 
Figure 6.4: Experimental setup.  Light from a 532 nm laser is expanded and phase-modulated by 
a spatial light modulator (SLM).  The beam is Fourier transformed by a cylindrical lens and input 
into an SBN:75 photorefractive crystal.  Light exiting the crystal is im imaged into a CCD 
camera.  λ/2: Half-wave plate, Pol: Polarizer, CL: Cylindrical lens, dashed line:  SLM image 
plane. 
 
 The creation of the truncated Airy beam consists of three basic steps:  (1) an initial Gaussian 
beam is projected onto a spatial light modulator (SLM), (2) a cubic phase chirp is impressed 
upon the beam, to create Φ(k), and (3) the beam is Fourier transformed by a cylindrical lens to 
generate the incident Airy beam E(s).  A waveplate is used to adjust the polarization of this beam 
with respect to the crystalline axis.  For SBN:75, r33 = 1340 pm/V and r13 = 67 pm/V, so that the 
index change above the base index n0 = 2.3 depends on the polarization (for fixed temperature).  
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For the experiments, we take advantage of the anisotropy and use ordinary polarization as near-
linear reference beam for comparison with extraordinary polarization.  Finally, at the exit face of 
the crystal, the output is imaged into a CCD camera. 
 Typical experimental and numerical results are shown in Figs. 5 and 6. The input Airy 
beam is roughly 100μm wide and contains 350mW of power. For ordinary polarization (Figs. 
5(a) and (b)), propagation is essentially linear and the beam diffracts.  The sizes of both the beam 
and its central lobe roughly double after 8mm of propagation, with the central lobe curving by 
37μm from the initial centerline.  By comparison, a Gaussian beam with the same 20μm FWHM 
of the central lobe (not shown) would diffract by 5 times and propagate straight. 
 
Figure 6.5: Airy beam propagation for a 350mW beam with Ordinary polarization. Left column 
corresponds to the experimental results at the input and at the output of the nonlinear crystal 
while the right columns show the associated numerical results. 
  
 For extraordinary polarization (Figs. 6(c) and (d)), the beam maintains its profile as it 
propagates.  There is no diffraction, particularly evident in the main lobe, and significantly less 
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bending (with a transverse displacement of 32μm at the output).  The dependence of diffusion-
trapping on polarization provides unequivocal verification concerning its nonlinear origins.   
 
Figure 6.6: Nonlinear Airy beam propagation for a 350mW beam with Extraordinary 
polarization. Left column corresponds to the experimental results at the input and at the output of 
the nonlinear crystal while the right columns show the associated numerical results. 
 
 Another test of linear vs. nonlinear propagation arises from the slow nature of the 
photorefractive response.  This is shown in Fig. 7, in which we observe the nonlinear output for 
the extraordinarily-polarized Airy beam as a function of time.  At first, charges have been photo-
excited but have not yet diffused, so the output beam exhibits pure diffraction.  As time evolves, 
the diffusive PR nonlinearity becomes more pronounced, gradually bringing the beam back to a 
non-diffracted state.  As shown in Figs. 7 (b-f), the lobes focus and narrow, with the first lobe 
shifting to the right over time and the second (and higher) lobes shifting left.  This final state, 
akin to that in Fig. 6(c), follows from the relative phase shift between neighboring lobes and, 
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more generally, conforms to Ehrenfest’s theorem on the conservation of mass (light intensity) 
during propagation.   
  
 
Figure 6.7: Time evolution of diffusive process for Airy beam in Fig. 3b.  (a) Input and (b-f) 
Output. (b-f) are recorded every 20 seconds. Left column: experimental pictures; right column:  
cross-sections. 
 
 Without the nonlinear term in Eq. (1), the dynamics are symmetric with respect to 
transverse orientation.  For example, left-leaning and right-leaning Airy beams propagate 
identically in linear media (except for the reversal of acceleration).  In the unbiased 
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photorefractive, however, the reversed profile is not a solution.  This is shown in Fig. 8, where 
we have created a mirror-opposite beam by reversing the phase mask on the SLM.  In this case, 
the asymmetry of the cubic phase chirp is in the same direction as the nonlinear asymmetry 
provided by the crystalline c-axis.  Beam acceleration and two-wave mixing therefore operate in 
the same direction, compressing the main peak and removing the side lobes.  Simulations show 
that for longer propagation distances, the momentum transfer continues, causing intensity 
overshoot and enhanced diffraction of the beam.       
 
Figure 6.8: Reversed Airy beam propagation.  Experimental pictures for (a) input, (b) output, and 
(c) cross-section. 
 
 Remarkably, the balance between diffraction and nonlinearity does not depend on the 
intensity of the initial Airy beam (as it does for other self-trapped beams, such as solitons) [20].  
Since two-wave mixing depends on the gradient, rather than the strength, of the intensity, the 
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peak field amplitude E0 appears only as an independent scaling parameter in the solution (2).  
This is confirmed experimentally in Fig. 9, which shows extraordinary Airy propagation for 
beams with different initial input powers 200mW and 500mW.  As shown in Fig. 6b and e, as 
well as the 350mW case in Fig.6(b), we observe that the outputs have nearly identical profiles, 




Figure 6.9: Nonlinear Airy beam propagation with different input powers (a,b.c) 0.2W and (d,e,f) 
0.5W.  Top row: input; middle row: output; bottom row: cross-sections. 
 
 In summary, we have observed the propagation of a finite-energy Airy beam in an 
unbiased photorefractive medium.  The results are the first example of solitary-like wave 
formation using two-wave mixing and, more generally, demonstrate that the dynamics arising 
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The initial observation of plasma channel generation by intense femtosecond laser pulses in air 
[1] paved the way for a series of fundamental studies in the field of extreme nonlinear optics of 
gaseous media. Continued interest in the subject is fueled by various potential applications such 
as remote spectroscopy [2], generation of terahertz waves [3,4], compression of ultrashort laser 
pulses down to few optical cycles [5], and atmospheric science [6].  
 During propagation of an ultraintense and ultrashort laser pulse in a transparent gaseous 
medium, the defocusing effect of the plasma generated via multiphoton ionization prevents the 
beam from the self-focusing collapse to a singularity. The hot core of the beam, composed of the 
high-intensity laser field and the generated plasma, is referred to as the filament. Filaments are 
typically 100 µm in diameter and exhibit self-guided, subdiffractive propagation over long 
distances [7-9].  
 One of the important attributes of laser-induced filaments is the forward emission of 
broadband light, the very property that enables various remote-spectroscopy applications [2]. 
This so-called conical emission carries information concerning pulse dynamics, which can be 
deduced by analyzing the associated angularly resolved spectra in the far field [10].  
74 
 
 In early studies of femtosecond laser filamentation initiated by ultrashort pulses with 
Gaussian [1] or flat-top [11] spatial beam profiles or more complex waveforms such as Bessel 
[12,13] and hollow ring beams [14], the beams were axially symmetric. Consequently, the 
plasma channels were always generated along straight lines. Analysis of the conical radiation 
emanating from straight filaments is complicated by the fact that emissions originating from 
different longitudinal sections of the beam overlap in the observation plane.  
 In this study, we used femtosecond pulses with the transverse spatial beam profile in the 
form of a two-dimensional (2D) Airy function, the so-called Airy beams [15,16], for the 
initiation of filamentation. Generation of Airy beams relies on the fact that the Airy function 
Ai(x/x0) and the complex exponential exp[i(βK)3/3] form a Fourier transform pair, where x and K 
are conjugate variables and x0 and β are appropriate scale factors. Thus a plane wave can be 
converted into an Airy beam by applying a cubic phase modulation followed by a spatial Fourier 
transformation through focusing with a lens [15]. Airy beams are not axially symmetric and 
exhibit the following two unusual characteristics: (i) They remain approximately diffraction-free. 
(ii) Their main intensity features tend to freely self-bend (or transversely accelerate) during 
propagation [15-18]. In fact, these beams follow parabolic trajectories in a way analogous to the 
ballistics of projectiles moving under the action of gravity [17]. On the other hand, the "center of 
gravity" of an Airy beam moves along a straight path, in agreement with Ehrenfest's momentum 
theorem [17,19]. In principle, Airy wave packets can be synthesized simultaneously in both 
space and time resulting in nondispersive and spatially localized temporal waves or optical 
bullets that are impervious to both dispersion and diffraction [16,20].  
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 When intense femtosecond Airy beams are used for initiation of the filamentation, an 
unusual propagation regime results, in which the binding strength between the filamented beam 
core and its remaining quasi-linear part can be manipulated by varying the transverse acceleration 
of the Airy pattern. The generated plasma channel is curved, and such an arrangement acts as a 
streak camera by projecting the broadband emission from different longitudinal sections of the 
filament along angularly separated paths, resulting in the spatial separation of this emission in the 
far field.  
 
7.2. Curved-plasma channel generation using femtosecond Airy beams in air 
 In the experimental setup Fig. 1, 35-fs laser pulses are generated by a multistage 
Ti:sapphire system having a clean Gaussian spatial mode profile. The laser output is passed 
through a transparent phase mask that imposes a 2D cubic phase pattern onto the beam. This 
wavefront is subsequently focused, and the spatial Fourier image of the field is formed at the 
focal plane of the lens. The transverse dimension of the resulting Airy beam can be scaled, and 




Figure 7.1: Experimental setup. The continuous wave visible laser beam that we used as a spatial 
reference has a much smaller size than that of the phase mask. The reference beam experiences a 
negligible wavefront modulation and propagates along a straight line. 
 
 To simulate beam propagation numerically, we used a pulse propagator code based on the 
unidirectional pulse propagation equation [21]. The model used accounts for linear diffraction, 
group velocity dispersion, and Kerr effect, as well as for plasma generation via multiphoton 
ionization and the associated beam defocusing.  
 The experimentally measured parabolic trajectory of the dominant intensity feature of the 
beam is shown for two different focusing lenses Fig. 2(a). The beam deflection with respect to a 
straight reference beam propagating along the optical axis is plotted as a function of the 
propagation distance. From the scaling properties of Airy beams, the lens with shorter focal 
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length yields a faster self-deflection rate (as expected), and the ratio of these two accelerations is 
approximately equal to the inverse ratio of the two focal lengths cubed. 
 We consider only the f = 75 cm case (here, f is the focal length of the lens) where the 
transverse acceleration is more pronounced. The plasma density along the beam path was 
measured by a capacitor-based plasma probe [12] with a longitudinal resolution of 5 mm  Fig. 
2(b). It is evident that the generated plasma channel remains longitudinally continuous (within 
the spatial resolution of the probe) for all three values of the pulse energy. The plasma channel 
starts to form before the Fourier plane, and the length of the channel grows with increasing pulse 
energy. For comparison, the plasma density generated from the filamentation of the 
corresponding Gaussian beam (when the phase mask is removed) is also shown. In this latter 
case, the generated plasma is more dense, but the plasma channel is shorter compared to that 
generated by an Airy beam of the same transverse size and pulse energy. The generation of 
extended filaments by Airy beams is a direct consequence of their diffraction-free nature.  
 In Figs. 2(c) and (d), we show simulation results for the plasma density generated by the 
accelerating beam for different values of pulse energy. The color-coded plots show the peak free 
electron density in the plane of the curved laser beam. According to these simulations, above a 
certain pulse-energy threshold, the continuous curved plasma channel develops bifurcations or 
split-off channels. The locations of these bifurcations are indicated by white arrows in Fig. 2(d). 
The split-off channels do not extend far and die out without the support of the accelerating beam. 
In addition, at high energies, the secondary lobes of the Airy beam generate their own local 
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plasma channels that are weaker and shorter than the primary channel generated by the dominant 
lobe of the beam.  
 
Figure 7.2: (A) Deflection of a femtosecond Airy beam with 5-mJ pulse energy for two different 
focusing lenses with focal lengths equal to 75 cm and 1 m. (B) Linear plasma density along the 
filament for f = 75 cm focusing and different pulse energies: 5 mJ (blue), 10 mJ (green), and 15 
mJ (red). The black dashed curve shows plasma density (scaled down by a factor of 3) with the 
phase mask removed at 10-mJ pulse energy. (C) Results of numerical simulations for the peak 
free-electron density in plane of curvature of the Airy beam for 5-mJ pulses. (D) Same as in (C) 
but for 10-mJ pulses.  
 
 According to the dynamic spatial replenishment theory [7], the length of a plasma 
channel approximately scales with the extent of the linear focus zone of the laser beam. For Airy 
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beams generated from Gaussian beams via cubic phase modulation and focusing, the distance 
from the focal plane of the lens over which the peak intensity drops to the exp(–2) level can be 
estimated by 1/3 20 2.8 /tot Az W λ≈ Φ , where totΦ is the total
 phase imposed by the cubic phase mask 
across the full exp(–2) intensity width of the incident Gaussian beam, AW  is the full
 width at half 
maximum (FWHM) of the main lobe of the generated Airy pattern at the focal plane of the lens, 
and is the optical wavelength [22]. The length of the generated plasma channel can be roughly 
estimated as twice this distance ( 02z ). The transverse
 deflection ∆ of the dominant lobe of the 
beam as a function of distance z is approximately described by 2 3 2( ) / 1.04 10 /z z mm cm−∆ ≈ × . In 
the experiment, 180tot radΦ ≈ , 132AW mµ= ,
 and the center wavelength of the laser source is 
0.8 µm. With these parameters, the total length of the generated plasma channel is estimated to be 
02 69z cm≈ , and in this case the
 beam acceleration rate is 2 3 2( ) / 1.04 10 /z z mm cm−∆ ≈ × . These 
values are in good agreement with the experimental data and simulations shown in Fig. 2. Note 
that an equivalent Gaussian beam with FWHM equal to AW  would decay to the exp( 2)−
 level, 
due to diffraction, after propagating a distance of about one third of 0z .
  
 
7.3. Angularly resolved radiation and nonlinear Airy beam reshaping in air 
 Photographs of the beam along with the forward emission from the generated filament, 
Figs. 3(a-d), were taken on a weakly fluorescent screen placed 50 cm away from the Fourier 
plane, shortly after the plasma channel ceased. At this distance, the beam pattern differs 
substantially from a 2D Airy function because of both the finite beam size and distortions 
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resulting from filamentation. The forward emission from different longitudinal segments of the 
filament is spatially resolved along the horizontal direction. At a low pulse energy (5 mJ; Fig. 
3(a)), the pattern of emission is a horizontal ellipse, indicative of a continuous bent plasma 
channel. As the energy is increased (10 mJ;  Fig. 3(b)), the far-field emission pattern breaks into 
two spots. Because of the self-healing properties of Airy beams [23,24], each spot can be 
selectively blocked without affecting the other one by masking the tip of the Airy pattern at an 
appropriate location along the propagation direction. In other words, the Airy pattern can 
regenerate itself during propagation, even if a portion of it has been blocked. 
 Numerical simulations qualitatively reproduce the observed emission pattern broken into 
multiple spots at high pulse energies (Fig. 3(e)).  
The energy distribution of the forward emission by the filament (Fig. 3(f)) was recorded by 
measuring the pulse energy passing through a 5-mm circular aperture placed 3 m after the 
Fourier plane. The aperture's position is traced to the exact location along the plasma channel 
from which the forward emission originated, as schematically shown in Fig. 1. What facilitates 
this mapping is the fact that the light beam and the associated plasma channel self-bend along a 
predictable trajectory. The transition from the continuous emission at low pulse energies to the 
lumped emission into well-defined spots at high energies is evident. This type of diagnostics is 
impossible with standard axially symmetric optical beams (producing straight plasma channels) 
because the emissions from different longitudinal sections of the filament would overlap in the 
far field.  
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The data shown in Fig. 3(f) is consistent with the results of the plasma-density simulations that 
show the formation of two secondary filaments that branch out from the primary filament at high 
pulse energy. These split-off filaments leave their marks in the spatially resolved forward 
emission.  
 
Figure 7.3.: (A to D) Photographs of the far-field emission patterns at different pulse energies. 
The forward emission pattern is elliptical for 5-mJ pulses (A) and breaks into two spots for 
higher-energy pulses [10 mJ, (B)]. Each of the two spots can be selectively blocked by masking 
the tip of the Airy beam at z = –20 cm (C) and z = 0 (D). (E) Numerically simulated far-field 
emission pattern for 10-mJ pulses showing breakup of the forward emission into multiple 
isolated spots. (F) Intensity distribution of the forward emission along the filament, for different 
values of pulse energy: 5 mJ (blue), 7.5 mJ (green), and 10 mJ (red). At energies above 5 mJ, the 
distribution develops two peaks that are consistent with two spots in the photographs of emission 
patterns. 
 
The above experimental and numerical data are in agreement with the analysis of burn patterns 
on an aluminum foil taken at different locations along the beam path. At a low pulse energy (5 
mJ; Figs. 4(a-c)), no apparent satellite beam develops in the transverse beam plane. For a higher 
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energy (10 mJ; Figs. 4(d-f)), a satellite beam develops, and at z = 15 cm, this satellite lags the 
accelerating primary beam by 1 mm. This distance is much larger than the transverse separation 
between the lobes of the Airy beam in the filamentation zone, therefore the satellite cannot be 
produced by the beam's secondary lobes. Instead, the satellite spot is most likely produced by the 
forward radiation from a secondary filament that has bifurcated from the primary curved 
filament. The 1-mm distance between the satellite spot and the dominant lobe of the beam at z = 
15 cm is consistent with the data on the angularly resolved forward emission shown in Fig. 3(f), 
as well as with the simulation results of Fig. 2(d) that shows the first branching-off event 
occurring at 20z cm= − . In both low- and high-energy cases, a complex nonlinear reshaping of 
the Airy wave packet takes place in which the high-intensity beam core develops a whiskerlike 
ghost beam that exhibits slightly faster acceleration compared to the primary Airy beam. The 
ghost beam is clearly visible in the high-intensity case. The beam reshaping features are well 
reproduced by the simulations that show both the whiskerlike structure and the faint satellite 




Figure 7.4: Near-field beam patterns at different locations along the propagation direction. (A to 
C) Burn patterns on an aluminum foil for 5-mJ pulses. No apparent satellite is formed in the 
transverse plane during propagation. (D to F) Same as in (A) to (C) but for 10-mJ pulses. The 
beam undergoes a nonlinear reshaping, and a satellite spot appears that is indicated by the arrow 
in image F. (G to I) Numerically simulated near-field intensity profiles for 10-mJ pulses. Both 
the whisker-shaped ghost beam and the faint satellite are visible in (I). 
 
The above observations suggest that the dominant lobe of the Airy beam acts as a "light bullet," 
an intense concentration of electromagnetic energy that travels along a curved trajectory and 
leaves a bent plasma channel behind. This wave packet is 130 µm in diameter, 10 µm long 
(corresponding to the 35-fs-long pulse), and carries 30% of the total energy of the laser pulse. 
Under these conditions, the wave packet's trajectory deviates from a straight line by over 2 mm, 
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which is much larger than its size in both the transverse and longitudinal dimensions. For high 
pulse energies, secondary bullets bifurcate from the primary one but they quickly die out. The 
highly nonlinear propagation regime of the intense femtosecond Airy wave packet resembles that 
of a spatio-temporal soliton wave. What makes it markedly different is the fact that the Airy 
wave packet propagates along a curved trajectory, whereas known solitons in uniform media 
propagate along straight paths 
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CHAPTER EIGHT: DISCRETE QUADRATIC SURFACE SOLITONS 
 
8.1. Introduction 
The interplay between discreteness and nonlinearity has led to a host of new phenomena in 
physical sciences. This has been most pronounced in the area of optics where high-quality 
discrete structures can be fabricated and the optical power levels required to induce nonlinear 
effects can be easily achieved [1].  Discreteness has resulted in the prediction of new classes of 
spatial solitons and other phenomena that have no counterparts in continuous systems [2-4]. And 
indeed, many of these processes have been observed in a variety of Kerr, quadratic, 
photorefractive and liquid crystal media [5-8]. 
 Thus far, the arrays used for discrete optics experiments have been fabricated by a variety 
of techniques, some of which lend themselves to small and controllable index differences at the 
array boundary with continuous media. This feature can now facilitate new experimental studies 
in the area of nonlinear surface guided waves which received a great deal of theoretical attention 
in the 1980’s and early 1990’s [9-12]. The theoretical feasibility of guiding waves along an 
interface between two media, at least one of which exhibits a self-focusing nonlinearity was 
discussed extensively. Yet, in spite of these efforts, no successful experiments have been 
reported along these lines. Part of the problem was to find media combinations whose linear 
index difference was of the order of the maximum index change allowed by self-focusing 
nonlinearities, i.e. typically 10-4 and less. For the weakly guiding arrays currently in use, such 
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small index differences are available at the interface between the array and the host medium. 
This can in turn facilitate the observation of interface solitons as recently suggested by our group 
[13]. Theory has already shown that such interface guided waves do exist at the boundary 
between arrays and continuous media [13], and in fact they have been observed for the first time 
in self-focusing Kerr lattices [14]. 
 Discrete quadratic solitons have been previously demonstrated inside arrays governed by 
the “cascading” quadratic nonlinearity [6]. One of the unique features of this nonlinearity is that 
it can change from effectively self-focusing to defocusing depending on the wavevector 
mismatch conditions.  Thus both signs of the nonlinearity are accessible in the same sample just 
by, for example, changing the temperature. This property has been used to demonstrate both in-
phase and staggered (adjacent fields are π out of phase with each other) spatial solitons in these 
arrays [6]. In this paper we show theoretically and experimentally that both types of quadratic 
surface discrete solitons exist for both signs of the cascading nonlinearity. We note that this 
represents the first observation of gap surface solitons in arrays with defocusing nonlinearity as 
earlier predicted [13, 15]. 
 
8.2. Theory of discrete quadratic surface solitons 
 The system shown in Fig. 1 was modeled by employing a coupled mode formulation for 
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Figure 8.1: (upper) Simple model for the discrete array-continuous medium interface. (lower) 
Actual sample structure showing the index distribution, the fundamental fields and the harmonic 
fields. The index distribution and fields are overlapped in space but have been separated for 
clarity. 
  
 In our system, the adjacent waveguides comprising the array are weakly coupled by their 
evanescent fields. Given the fact that the second harmonic (SH) TM00-modes are strongly 
confined, the coupling process between the SH fields is negligible.  Therefore, here we only 
consider coupling between the modal fields of the fundamental wave (FW).  In physical units, 
the pertinent coupled mode equations describing the wave dynamics in a semi-infinite array are 
given by the following: 
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,where un and vn are the FW and SH modal amplitudes in the nth waveguide respectively, c is the 
linear coupling constant and γ is the effective quadratic nonlinear coefficient. Furthermore, 
∆β=2β(ω)-β(2ω) is the wavevector mismatch between the FW and SH. 
Stationary solutions of the form un=fnexp(icµz) for the FW and vn=snexp(2icµz) for the SH were 
numerically determined by applying Newtonian relaxation techniques. Here µ is the soliton 
eigenvalue and is related to a nonlinear change in the propagation constant ∆kNL=cµ. In-phase 
solitons are possible when 2∆kNL+∆β>0, while staggered solitons exist for 2∆kNL+∆β<0 [3]. The 
power versus nonlinear wavevector shift diagrams for both the in-phase and staggered surface 
soliton families obtained are shown in Fig. 2 and Fig. 3, respectively, along with the 
corresponding typical intensity profiles. Throughout this study we use the parameters typical of 
the experiments. More specifically, the coupling length in this array is taken to be 25 mm and the 
quadratic nonlinear coefficient is 18 pm/V [6]. 
 
                 




Figure 8.2: . (a) Surface soliton existence curves for in-phase solitons for 36π  (red curve) and 
15.5π−  (blue curve). (b), (c) Intensity profiles for low, and high powers for FW (blue) and SH 
(red), in the case of positive mismatch 36π ,respectively,  and (d) Intensity profiles for high 
powers for FH (blue) and SH (red), in the case of negative mismatch 15.5π− . The SH powers of 
both solitons are overlapped for large nonlinear wavevector shifts. 
 
 
    
               
Figure 8.3: (a) Surface soliton existence curves for staggered solitons for a mismatch of 15.5π−  
(red curve) and 36π  (blue curve). (b), (c) Intensity profiles for low, and high powers for FH 
(blue) and SH (red), in the case of negative mismatch 15.5π− , respectively ,  and (d) Intensity 
profiles for high powers for FH (blue) and SH (red), in the case of positive mismatch 36π . The 
SH powers of both solitons are overlapped for large nonlinear wavevector shifts. 
 
 A number of interesting features are predicted for these quadratic surface solitons. 
Different from the infinite arrays case, these surface self-trapped states exist only when their 
power exceeds a critical level - a direct consequence of the semi-infinite geometry of the lattice. 
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This is a feature common to surface solitons at the interface between continuous media, also 
found recently for surface solitons propagating due to self-focusing and self-defocusing 
nonlinearities in Kerr media [13,15]. As the soliton power increases the fields become 
progressively more confined in the n=0 channel. The fraction of power carried by the SH is 
decreased as ∆kNL increases. 
 Furthermore, just as found for discrete solitons in infinite 1D media, the solitons consist 
of coupled FW and SH fields. In addition to the expected staggered solutions, in-phase solitons 
were also found under negative phase mismatch conditions for 2∆kNL+∆β > 0, i.e. with self-
focusing nonlinearities. See the blue curves in Fig. 2(a) for the existence curves and the field 
distributions in Fig. 2(d). Note that this family of solitons can only be excited if the SH is 
considerably stronger than the FW. Similarly in regions of positive phase-mismatch, both stable 
in-phase and staggered (for 2∆kNL +∆β < 0, i.e. a self-defocusing nonlinearity for the blue curves 
in Fig 3(a) and the fields in [ 3(d)] surface solitons are predicted to exist. This mirrors the case 
predicted for infinite quadratically nonlinear 1D arrays [3].  We emphasize that in all cases the 
branch associated with the SH wave in the existence curves [see Figs. 2(a) and 3(a)] does not 
depend on the value of phase-mismatch ∆β. This can be formally proved based on the fact that 
the waveguides are uncoupled for the SH wave.   
 Finally, we note that stability analysis of Eqs. (1) indicates that the predicted surface 
solitons are stable in the regions where the slope of the curve is positive, in accordance with the 
Vakhitov-Kolokolov criterion [16].  
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 The arrays used here consist of channels formed by Ti diffused into the surface of 
LiNbO3 as shown in Fig. 1. Phase-matching for second harmonic generation is achieved by 
periodic poling of the lithium niobate (PPLN) ferroelectric domains along the propagation 
direction. This poling extends beyond the array but in that region the periodicity required for 
efficient SHG is different from that required for the channels and the generation of the second 
harmonic is very weak and can be neglected. There is no Ti in-diffused outside of the array, 
therefore the array boundary corresponds to an interface between the 1D waveguide array and a 
semi-infinite half-space. 
 
8.3. Observation of in-phase and staggered discrete quadratic surface solitons 
 The samples contained four waveguide arrays each consisting of 101 coupled channel 
waveguides with propagation along the X-axis. The spacing between the arrays was  sufficiently 
large (> 100μm) that the region beyond each array boundary can be considered as a half-space. 
Seven cm long waveguides were formed by titanium in-diffusion into the Z-cut surface. TM00-
mode waveguide losses were 0.2dB/cm for the FW at  ≈1550 nm and 0.4dB/cm for its SH. The 
center-to-center channel separations was d = 16 μm resulting in a coupling length of Lc =25 mm 
for the FW TM00 mode. These were determined from the output intensity distribution under 
single waveguide excitation conditions [17,18]. The sample was periodically poled with a period 
of 16.75 µm by electric field poling to achieve phase-matching between the TM00 modes for SH 
generation at temperatures elevated to the range of 200-250°C. The required wave-vector 
mismatch was adjusted by varying the sample temperature T. In our experiments the relation 
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between the phase-mismatch ∆βL and sample temperature T was measured to be ∆βL=8.1(234-T 
[0C] ) [17]. 
 A 5-MHz train of bandwidth limited 9-ps-long pulses at a wavelength of 1557 nm was 
produced by a modified Pritel fiber laser [17,18]. The pulses were stretched, amplified in a large 
area core fiber amplifier, and then recompressed in a bulk grating compressor to give up to 4 kW 
of peak power in nearly transform limited pulses 7.5-ps-long. The recompressed pulses were 
spatially reshaped into elliptical Gaussian beam with 4.3 μm width (full width at half maximum, 
FWHM) and 3.5 μm height which corresponds to the measured intensity profile of the 
fundamental mode of a single channel waveguide. In all experiments the n=0 channel was 
excited. The sample was heated in an oven both to minimize photorefractive effects and to adjust 






















Figure 8.4: Experimental set-up: MO-microscope objective; PPLN-periodically poled lithium 
niobate; Pol-Polarizer;λ/2-half-wave plate. 
 
 The output of the array was observed with separate cameras for the FW and the SH, and 
quantified by measuring temporally averaged output intensities and total powers. 
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 Figure 5 shows the observed FW discrete diffraction pattern obtained at low powers. It is 
in good agreement with the theoretical pattern generated from Eqs. (1). of Ref. [13].  
 
Figure 8.5: Linear diffraction when only n=0 is excited, experiment (blue) and theory (red). 
 
The evolution of the output intensity distributions versus input peak power of the fundamental 
for single channel excitation (n=0) is shown in movies in Fig. 6 (positive phase mismatch) and 
Fig. 7 (negative phase mismatch). Increasing the input peak power leads in both cases to 
localization into surface solitons, as predicted theoretically. At peak powers of 600W for the 
focusing case and 500W for the defocusing case the localization is essentially complete. The 
observed intensity decay into the array from the boundary out to distances typical of the low 
power discrete diffraction pattern is a direct consequence of the pulsed excitation used which 
contains a continuum of powers. That is, not the full pulse is trapped as a surface soliton in the 
boundary channel and the weaker parts of the pulse appear as part of a modified linear discrete 
diffraction pattern. We want to mention here that we controlled the input powers with a 
combination of a polarizer and a half-wave plate, and thus the power scaling is sinusoidal. The 
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weak second harmonic component is localized almost completely in the n=0 channel, in 
agreement with theory in Fig. 2(b) and 2(c) and 3(b) and 3(c). 
 
Figure 8.6: The evolution of the output intensity distribution with increasing input peak power of 






Figure 8.7: The evolution of the output intensity distributions versus input peak power of the 
fundamental for single channel excitation (n=0)  (negative phase mismatch = 15.5π− ) 
 
 
phase for each sign of the cascading nonlinearity. Theory has shown the ratio of the FW to SH 
powers are very different in the two cases. In order to compare experiment approximately with 
theory, the assumed hyperbolic secant temporal profile was decomposed into cw temporal slices 
and the pulse response was simulated by adding the slices together. A fourth order Runge-Kutta 
method was then used to propagate the fields under the influence of Eq. (1). Comparing the 
measured and the calculated ratios of the FW to SH powers at the output, clearly the observed 
surface solitons were the staggered ones for negative and the in-phase ones for positive mismatch 
since the experimentally measured power ratio FW/SH was much bigger than unity. It would be 
necessary to also input the appropriate SH field in order to excite the other surface solitons. 
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 Using the same numerical approach, the output intensity distributions across the array 
were calculated versus input peak power for both positive (+36π) and negative (-15.5π) phase 
mismatches for in-phase and staggered solitons respectively.  A sampling of these results, along 
with the corresponding experimental data is shown in Fig. 8 and Fig. 9. 
       
         
  
Figure 8.8: Measured (let-hand-side) and calculated (right-hand-side) output field distributions 
for single channel excitation for two input power levels corresponding to partial collapse into a 
surface soliton for FH (first row) and full collapse into a surface soliton for FH (second row) and 
SH (last row). Phase mismatch = +36π  (self-focusing nonlinearity). The red curves represent 
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theoretical results (at 435 W and 441 W) and the blue experimental data (at 430 W, and 600W) 





Figure 8.9: Measured (let-hand-side) and calculated (right-hand-side) output field distributions 
for single channel excitation for two input power levels corresponding to partial collapse into a 
surface soliton for FH (first row) and full collapse into a surface soliton for FH (second row) and 
SH (last row). Phase mismatch = -15.5π (self-defocusing nonlinearity). The red curves represent 
theoretical results (at 310 W and 321 W) and the blue experimental data (at 420 W, and 580W) 




 In fact there is good qualitative agreement between experiment and theory considering 
the non-ideally hyperbolic secant temporal profile of the input beam and the coupling efficiency 
estimated from low power throughput experiments [17,18]. If a coupling efficiency of 50% is 
assumed into the input channel, the resulting quantitative agreement is also good 
 In summary, discrete quadratic solitons guided by the interface between a 1D array and a 
semi-infinite medium have been predicted theoretically and observed experimentally. Two of the 
four predicted soliton types were generated by exciting the first channel with a beam at the 
fundamental frequency. The additional solitons not observed will probably require the excitation 
of both fundamental and second harmonic fields. Finally, the results reported here represent the 
first observation of staggered discrete surface solitons in any periodic system. 
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The evolution dynamics of propagation invariant optical fields have recently attracted 
considerable attention within the optics community [1-8]. Undoubtedly this area grew in earnest 
after the first demonstration of optical Bessel beams by Durnin et al. in 1987 [1,2]. Since then, 
other groups of two-dimensional non-diffracting beams have been reported in the literature [3-8].  
In general diffraction-free beams can maintain their localized intensity features over several 
Rayleigh lengths until aperture diffraction effects come into play. Quite recently, accelerating 
non-diffracting Airy wavepackets have also been observed experimentally in one- and two-
dimensional configurations [8]. By now, such field arrangements have been systematically used 
in several and diverse disciplines ranging from micro-particle manipulation, to plasma channel 
generation to nonlinear optics [9-11].  
 In the spatio-temporal domain, the prospect for optical bullets that can simultaneously 
negotiate both dispersion and diffraction effects has also been actively pursued by several 
research groups in both the linear and nonlinear regime. In general an optical wavepacket 
propagating in a homogeneous dielectric medium will expand because of diffraction effects 
while at the same time its temporal profile will broaden because of dispersion. In the linear 
domain specific wave solutions are known to exist under normal and anomalous dispersive 
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conditions. For normal dispersion, these solutions exhibit an X-wave structure-a direct outcome 
of the bidispersive nature of the underlying wave equation [6].  In the anomalous domain, 
spherical O-waves[12,13] are allowed while under specific conditions Bessel-X[14] pulses are 
possible. Quite recently, 3D Airy-Bessel bullets that are impervious to both dispersion and 
diffraction have been suggested and successfully demonstrated in dispersive media[15]. This 
versatile class of optical wavepackets was made possible by exploiting the fact that non-
spreading Airy waves can exist even in 1D- and this irrespective of the dispersion properties of 
the material itself.  
 The quest for such spatio-temporal entities is clearly intertwined with experimental 
capabilities of simultaneously shaping their k ω−

 spectra. Over the years various techniques 
have been developed to address these needs in either the spatial or temporal domain. Lately, 2D 
Bessel spatio-temporal planar wavepackets have been synthesized for the first time by employing 
folded pulse shaper schemes. Further progress in this area may pave the way towards the 
generation of other exotic space-time bullets with unique properties-tailored for particular light-
matter interaction processes.  
 In this Chapter we present a novel class of linear optical bullets that is possible under 
anomalous dispersive conditions. Depending on their angular momentum numbers, these 
wavepackets exhibit symmetries akin to those encountered in the quantum mechanical 
wavefunctions of a hydrogen atom. The dynamics of such states when they are apodized is 
analytically studied along with their associated energy flows. Other types of linear optical bullets 





space are also investigated in this work. The possibility of spinning bullets is considered and the 
prospect for their realization is discussed.  
 
9.2. Propagation of a spatio-temporal wavepacket in a dispersive medium 
 In general, the primary electric field associated with a wavepacket can be expressed 
through a slowly varying envelope via ( )0 0ˆ( , ) ( , ) ex pE r t u r t i k z tψ ω = − 

  where 0ω  is the carrier 
angular frequency, 0 0 0= ( ) /k n cω ω is the wavenumber evaluated at 0ω , and  n is the refractive 
index. The spatio-temporal evolution of the envelope ( , )r tψ  under the combined action of 









z k x y
ψ ψ ψ ψ
τ
 ∂ ∂ ∂ ∂
+ + − ∂ ∂ ∂ ∂ 
  (1) 
where in Eq.(1) / gt zτ υ= −  is a time coordinate frame moving at the wave’s group speed gυ  
and 2 22 = /k k ω∂ ∂ represents the dispersive coefficient of the homogeneous medium again 
evaluated at 0ω . The material is anomalously dispersive if 2 0k <  and is normal in the converse 
case. The transverse spatial Laplacian operator in (1) accounts for diffraction effects while the 
temporal one for the action of dispersion. Equation (1) can be judiciously scaled by normalizing 
the independent variables involved, and in such a way that the diffraction length 20=diffL k w is 
equal to the corresponding dispersion length 2 '0 0= / | |dispL τ β
′ , i.e., =diff dispL L . Here w  is an 
arbitrary length scale and 0τ  is associated with the pulsewidth of the wavepacket. From this 
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point on the material dispersion is taken to be anomalous in our analysis. Under these 
assumptions, Eq.(1) takes the form:  
 
2 2 2
2 2 2 = 0i Z X Y T
ψ ψ ψ ψ∂ ∂ ∂ ∂
+ + +
∂ ∂ ∂ ∂
 (2) 
where in (2) we have employed the following set of normalized coordinates and variables 
= /X x w , = /Y y w , ( )2= / 2Z z kw  ,and 0= /T τ τ .  
The aforementioned spatio-temporal wavepackets can be studied experimentally in anomalously 
dispersive bulk media such as silica glass. Silica, at 0 = 1550nmλ , exhibits a dispersive 
coefficient of 2 22 = 2.8 10 /k ps m
−− × . For example such a dispersion-diffraction equalization is 
possible provided that the wavepacket generated from a transform-limited femtosecond laser has 
the following parameters, 0 = 40 fsτ  , = 100w mµ , in which case = 5.7diff dispL L cm=  . 
 
9.3. Internal power flow in a spatio-temporal wavepacket 
 In what follows we will also derive the electromagnetic equations describing the internal 
power flow associated with a spatio-temporal wavepacket as a result of dispersion and 
diffraction. This is necessary in order to comprehend the underlying dynamics in such systems. 
With this in mind we employ a perturbative approach, valid within the slowly varying envelope 
approximation and paraxial diffraction optics. We start our analysis by writing the electric as a 
superposition of plane waves centered around a carrier frequency 0ω . Without any loss of 
generality the primary electric field component is taken here to be x̂  polarized. In this case: 
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 ( ) ( )0 0ˆ ; , i k r tx y x yE x F k k e d dk dkωω ω ω
+∞ ⋅ −
−∞





This same field can also be expressed in terms of a slowly varying envelope ψ , e.g. as 
( ) ( ) ( )0 0ˆ, , expE r t x r t i k z tψ ω = − 

  . Given that ( ) ( )2 2 2z x yk k k k k− + and that the 
wavenumber can be expanded in a Taylor series around 0ω , 
2
0 1 2 ,2
k k k k Ω= + Ω+  where 
0ω ωΩ = − , one finds:  






zi k k ik zi k x k y k i
x y x yr t F k k e e e e d dk dk
τψ
Ω− ++∞ + − Ω
−∞
= Ω Ω∫ ∫ ∫
  (4) 
 where 1 1g kυ
− = . The associated longitudinal component of the electric field can be then 
obtained from 0E∇⋅ =

, leading to:  
 ( )0 0
0




= + ∂ 

. (5) 
The primary magnetic field of this wavepacket can be obtained from the electric field through 
the material intrinsic impedance ( ) ( )0 / nη ω η ω= where ( )
1/2
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where in Eq. (6) ( ) ( )0 0 1n n n nω ω= +Ω + Ω  with 1n n ω= ∂ ∂  at 0ω . These coefficients can in 





one can determine to first order the longitudinal component of the magnetic field, that 
is:  
 ( ) ( )0 0 0 000 1
0 0 0




− −∂ ∂ = + + ∂ ∂ 

 . (7) 
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1 ˆ ˆRe
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n innS E H z iz
k
ψ ψψ ψ ψ ψ ψ ψ ψ
η η τ τ η ⊥ ⊥
 ∂ ∂   = × = − − + ∇ − ∇     ∂ ∂ 
  
 (8) 





. The last two terms in Eq. (8) correspond to relative power flow 
corrections. The second term along ẑ  is due to temporal effects while the ⊥∇ component 
accounts for energy transport because of transverse effects. We note here that the first term in (8) 
represents the dominant contribution to the power flow.  Equation (8) can now be expressed in 


















T T k w
ψ
η
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9.4. Linear optical bullets with hydrogen-like symmetries 
 Propagation invariant solutions to Eq. (2) can be directly obtained via separation of 
variables in spatio-temporal spherical coordinates , ,R θ φ  where 2 2 2R X Y T= + + . To do so, 
we write the solution as ( ) ( ) ( )2exp ( ) expA i Z G R imψ µ θ φ= − Θ . Direct substitution of this latter 




2sin sin 1 0sin
ml lθ θ
θ θ θ







l lG G G
R R R R
µ
 +∂ ∂
+ + − = ∂ ∂  
. (11) 
It is interesting to note that similar differential equations are encountered in the analysis of 
hydrogen quantum orbitals. The solutions to the Legendre equation (10) can be obtained in terms 
of associated Legendre functions ( )cosmlP θ  of degree l  and order m . Equation (11) on the 
other hand has spherical Bessel function solutions ( ) ( ) ( )1/2/ 2l lj R R J Rµ π µ µ+=  which can be 
expressed in terms of elementary functions since l  belongs to the natural numbers. Therefore 
invariant solutions to Eq.(2) are given by 
 ( ) ( ) ( ) ( )2, , ; = 2 cos expi Z ml lX Y T Z A e j R P imµψ π µ θ φ−⋅ ⋅ ⋅ ⋅ . (12) 
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As indicated above, the integer index l  takes values from the set 0,1, 2,...l = while the integer 
order m is constrained in the range m l≤ . We note that in general these solutions depend on 
how the spherical coordinate system is oriented with respect to the , ,X Y T axes. If for example 
the T coordinate coincides with the spherical polar axis then ( )1 2 2= tan /X Y Tθ − +  and 
( )1tan /Y Xφ −= .  In principle however the spherical polar axis can be oriented in any direction 
as for example along X or Y . This choice has an important effect on the associated relative 
internal power flows rS

.  In this case the vorticity arising from the term ( )exp imφ takes on a 
whole new physical meaning in space-time.  
 The simplest possible member of this family of solutions of Eq. (12) is obtained when 
0l m= = . This lowest state optical bullet has no internal spin and in analogy to hydrogen 
orbitals we here call it “s” state. An iso-intensity contour plot of this wavepacket is depicted in 
Fig. 1(a). This wave is evidently spherical and its field follows a 0 ( ) sin /j x x x= radial 
distribution. As a result its intensity structure involves concentric spherical shells as shown in 
Fig 1(b) which represents a cross-section of this bullet in the Y T−   plane. We note that this 




   
Figure 9.1: (a) An isointensity surface representing an s-bullet for 0l m= = , and (b) a cross-
section in the Y T−  plane. 
 
Figure 2(a) on the other hand shows an iso-intensity plot of a space-time optical bullet when 
1 , 0l m= = , in which case it corresponds to Tp  polar orbital. The structure of this solution is no 
longer spherical and lacks spin since 0m = . Note that this same state can be arbitrarily oriented 
in the , ,X Y T system. As in the case of s − bullets these solutions exhibit infinitely many rings, 
in sharp contrast to the quantum orbitals of hydrogen. 
        
Figure 9.2: (a) A Tp − state for 1 , 0l m= =  , and (b) a transversly propagating Xp − state  having 




 This is because in our case no 1/ R  Coulombic potential is involved. Similarly Xp  and Yp  
bullets can be generated for the same “quantum” numbers 1 , 0l m= = (Fig. 2(b)).  
 By further increasing the l  number optical bullets of higher symmetry can be generated 
similar to the ones depicted in Figs 3(a) and (b). In particular when 2l =  and 0m =  (Fig. 3(a)) 
the propagation invariant wavepacket corresponds to the TTd group (d-orbitals).  Similarly an 
f − symmetric light bullet with 3l =  and 0m =  is shown in Fig. 3(b).  
 
Figure 9.3: (a) A TTd − state for 2l =  and 0m = and a (b) f − state for 3l =  and 0m = . 
  
If on the other hand we assume a state with finite spin ( 0m ≠ ), an internal power flow will be 
present in the wavepacket arising from its ( )exp imφ  dependence. Figure 4(a) depicts the iso-
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intensity plot of a 2l m= =  bullet while Fig. 4(b) its corresponding internal power circulation 
rS

which for this example happens to be clockwise.  
     
Figure 9.4: (a) Iso-intensity plot of a 2l m= =  bullet and (b) its corresponding internal power 
circulation rS

which for this example happens to be clockwise.  
 
As anticipated, for 2m = −  the power circulation will be counter-clockwise. This naturally leads 
to the possibility of realizing superpositions ( ( ) ( )exp expim imφ φ+ + − ) of spatio-temporal bullets 
that share the same l  number and opposite “magnetic” numbers m . If for example 2l =  and 
1m = ±  the wavepacket will have a four-fold symmetry (Fig. 5(a)) and it will be 
YTd − symmetric. On the other hand a XYd − symmetric wavefunction will be similar to the one 
shown Fig. 5(b) for characteristic indices 2l =  and 2m = ± . 
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Figure 9.5: (a) A four-fold YTd − symmetric wavepacket for 2l =  and 1m = ± . (b) A 
XYd − symmetric wavefunction for characteristic indices 2l =  and 2m = ±  
 
9.5. Gaussian apodized spatio-temporal light bullets 
 In that section we present a general method concerning the propagation of all the optical 
bullets that can be generated by spherical superposition, and happen to be truncated by a 
Gaussian. We will start from the following equation for the electric field envelope:  
 
2 2 2
2 2 2 = 0i Z X Y T
φ φ φ φ∂ ∂ ∂ ∂
+ + +
∂ ∂ ∂ ∂
 (13) 
We assume the following Fourier pair: 
 ( ) ( ) ( ) ( )31{ ; } = ; = , , ; = ;(2 )
iK R
X YF R Z K Z K K Z R Z e dXdYdTφ φπ
+∞ − ⋅
−∞












,where ( );K ZΦ   is the Fourier transform of ( );R Zφ   with ( ), ,X YK K K= −Ω

 and ( ), ,R X Y T=

. 
It can be directly shown that the generalized angular spectrum of that wavepacket evolves as 
follows:  
 ( ) 2 0; = ( )iK ZK Z e K−Φ Φ
 
 (16) 
,where 0 ( )KΦ

 is the Fourier transform of φ  at 0Z = . A light bullet truncated using a Gaussian 
can be generated by the superposition of many (even infinite) “plane waves” that share a 
common longitudinal component and are multiplied by Gaussians themselves. So if we study the 
propagation of a general tilted Gaussian beam we will be eventually able to calculate the exact 
solution describing the evolution of a 3D light bullet truncated now by a Gaussian. The 
arbitrarily tilted Gaussian beam at 0Z =  will be written:  
 ( )
2 2 2
2 2 2( , , ; 0) =o X Y
X Y T
X Y Tu X Y T Z exp exp i K X K Y T
w w w
    = − + + + + +Ω      
    (17) 
 Combining Eqs. (17), (16), and (14) we can find the spectrum at any distance Z :  
( )








1; = ( , , ) =
(2 )
1= ( , , ) =
(2 )




iK Z iK R
o
iK Z iK Z i Z iK R
o
X
iK X iK XiK Z w X X
Y Y Y T
K Z e u X Y T e dXdYdT
e e e u X Y T e dXdYdT





















Now we can express ( ) ( ) ( ) ( )1 1 1, ; = , ; , ; , ;X X Y YK K Z K K Z K K Z ZΦ Φ Φ Φ Ω Ω      for 
( ), ,X YK K K= Ω


   . It is obvious that we just need to calculate only one of these factors and the 
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others will result similarly. From Eq. (15) and by noticing the separability of the problem we can 
write the field φ  after propagation distance Z  as a product of three comeponents:  
 
( ) ( ) ( ) ( )1 1 1
1 1 1
, , ; = ; ; ; =
= iK X iK Y i TX YX Y
X Y T Z X Z Y Z T Z
e dK e dK e d
φ φ φ φ
Ω     Φ ⋅ Φ ⋅ Φ Ω    ∫ ∫ ∫
 (19) 
 Each of the 1Φ  will be having the same form :  










X K KX X wi K K XiK Z w iK ZX X
X XK Z e e e dX e w eππ π






 Plugging the result of Eq. (20) to the first part of Eq. (19) we get the evolution of an 1D tilted 
Gaussian :  
 ( )





X X X X
X
X
w K w XK XX Z exp K exp exp i exp
w
φ
µ µ µ µ
      
− ⋅ ⋅ ⋅ −      
       
 
  (21) 










µ + . 
In order to have a compact solution we will choose 0= = =X Y Tw w w w  and if we combine the 
Eq. (21) equation with Eq. (19) we will get:  
 





, , ; = ; ; ;
1 1
4
X Y T Z X Z Y Z T Z
w K R Rexp K exp i exp
w
φ φ φ φ
µ
µ µ µ µ
=
    − ⋅
= − ⋅ ⋅ −    





 All the spatio-temporal wavepackets can be written as a spherical superposition of "plane" 
waves that share a common longitudinal component of the propagation constant .A general non-
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θ ϕ ϕ ϕ θ
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µ µ µ µ
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   − ⋅
= − − ⋅ −    








This is the scaled version of the non-diffracting beam where X X µ→  , Y Y µ→  , and 
T T µ→ . This shows how all the Gaussian apodized non-spreading wavepackets evolve (for 
= 0Z  = 1µ ). We want to note here that all the "plane" waves must share a common β  and that 
can be established for all the possible choices of θ  and ϕ  at = 0Z  as follows:  
 ( ) ( )( , ) = =u K R exp iK R exp i sin cos X sin sin Y cos Tβ θ ϕ θ ϕ θ ⋅ + + 
   
 (24) 
where 0 θ π≤ ≤  and 0 2ϕ π≤ ≤ .  
The optical spectrum besides providing valuable physical insight in the structure of the 
spatiotemporal bullets it can be an important asset towards the experimental realization of such 
wavepackets. Of course these very same results can be used to describe the spectral structure of 
the aforementioned STB.  
 
9.6. “Spherical superposition” of space-time wavefronts 
 We have already showed that a non-spreading spatio-temporal wavepacket can be 
alternatively described as a "spherical" superposition of "plane" waves with the same 
longitudinal component β  of the wavevector k

. 
 Equations (23) and (24) indicate clearly that it is possible to synthesize optical bullets 
through superposition of optical wavefronts as long as the tips of their normalized wavevectors 
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( ), ,X YK K K= −Ω

 lie on a sphere. If the surface of this K − sphere is equally populated and in 
phase, the lowest orbital member ( s bullet) is obtained. If on the other hand we use a discrete 
superposition of waves we can then synthesize periodic or quasi-periodic 3D  optical spatio-
temporal fields similar to those depicted in figure 9.6. This method of generating STB is named 
here spherical superposition of optical wavefronts and can be considered as the 3D  
generalization of the conical superposition of plane waves that leads to Bessel beams and an 
infinite set of other non-diffracting beams. If the the superposition of the optical wavefronts is 
continuous we can create arbitrary families of non-spreading wavepackets and the most 
structured example is the one introduced in. Of course of special interest would be to go to the 
other extreme and assume discrete superposition of optical wavefronts (OW). Depending on the 
relative amplitude/phase and the specific location of the "generalized plane waves" one can 
generate new families of spatio-temporal bullets characterized for example by Platonic and 
Archimedean symmetries (such as tetrahedral and fullerene-like structures). In the case the we 
assume a sphere with radius 1 such as 2 2 2 = 1X YK K+ +Ω  we can construct spatio-temporal 
photonic lattices like the ones shown in Fig. 9.6 (a,b). In Fig. 9.6 (a) we see the resulting STB in 
the case that the vertices ( )1, 1, 1 / 2± ± ±  of an hexahedron (one of the five Platonic solids) 
inscribed in a sphere of radius = 1r  are used. In Fig. 9.6(b) a 5-fold prism is chosen and the 
resulting pattern looks now (at least the spatial component) as a photonic quasi-crystal. Similarly 
we could start from one of the thirteen Archimedean solids( such as the truncated icosahedron or 




Figure 9.6: (a) The resulting STB if the vertices ( )1, 1, 1 / 2± ± ±  of an hexahedron (cube) 
inscribed in a sphere of radius = 1r  are used. In (b) a 5-fold prism is leading to a quasi-periodic 
pattern. 
 
9.7. Spinning of spatio-temporal light bullets by superposition of nearly-degenerate states 
 In this section it will be demonstrate that a superposition of two STB with identical 
“quantum number” l  and opposite vorticity numbers m ’s that lead to counter-rotating patterns, 
and with slightly different µ 's ( 1 2µ µ≈ ) can lead to a ``breathing'' wavepacket. If we observe 
only the spatial profile we will notice that the beam rotates with propagation distance Z  with 






. This behavior is illustrated in Figs. 9.7(a) and 9.7(b), where spinning 
optical bullets are shown for = 2l  and = 2m  and corresponding propagation distances = 0Z  




Figure 9.7: Spinning optical bullets at (a) = 0Z , and (b) 0= / 4 15Z Z ≈  for = 2l  and = 2m  if 
2 1= 1.05µ µ . 
 
The rate of rotation can be adjusted at will. Similar results but only in spatial domain have been 
reported in Ref. 16 for the case of CW higher-order Bessel beams. Another interesting feature of 
these STB is related with the physical implications that the choice of the reference axis has in 
their propagation dynamics. So far the reference axis was assumed to be T  and therefore θ  was 
defined as ( )2 21= /tan X Y Tθ − +  and ( )1= /tan Y Xϕ − . If we now take Y  as the reference 
axis θ  and ϕ  will be ( )2 21= /tan X T Yθ − +  and ( )1= /tan T Xϕ − . This choice gives now a 
completely new physical meaning to the term ( )exp imϕ . Very recently spatio-temporal Bessel 
beams of zeroth order have been demonstrated in 1 1+  dimensions. 
 We have recently found that other classes of such optical bullets can be synthesized 
through spherical superposition of optical wavefronts. In this approach, the normalized 
wavevectors and the corresponding frequencies lie on a sphere If the surface of this sphere is 
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equally populated and in phase, the first member of Eq. (2) is obtained. If on the other hand we 
use discrete superposition of waves we can then synthesize periodic and quasi-periodic 3D 
optical fields similar to the ones depicted in Figure 2. One could similarly generate new families 
of spatio-temporal bullets characterized by Platonic and Archimedean symmetries (such as 
tetrahedral and fullerene-like structures). In principle these bullets can spin in space-time around 
a central axis, a feature that could be highly desirable in quasi-nonlinear arrangements as for 
example in beam filamentation studies. 
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In this Appendix we will demonstrate some of the basic features of non-diffracting (ND) beams 
propagating in a medium of refractive index 0n : that they can be generated through conical 
superposition of plane waves and that in their ideal form they convey infinite power. Finally we 
will employ this principle to construct Bessel functions of arbitrary order. 
 We will study the generation of non-diffracting beams in the framework of paraxial 

















 is the Laplace operator.  
 The basic element for the construction of non-diffracting wavepakcets through the 
conical superposition principle is a general plane wave of the form: 
 ( ) ( )
2
, , exp exp cos sin
2




 = − +   
 
, (A.2) 
where a is a real constant and θ  is a projection angle in k-space. These plane waves apparently 
satisfy Eq. (A.1) and are characterized by the following wavevector components: 
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 = − +   
 
∫  (A.3) 
( ), ,U x y z  is a solution of the linear paraxial equation of diffraction, since it is a superposition of 
the plane waves from Eq. (A.2). This pattern corresponds to a non-diffracting beam 
configuration since  
( ) ( ) ( )
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This same method can also work in the case of discrete conical superposition of plane waves. If 
we visualize that in the k

-space it will be like the schematics below: 




=  , where m is an 
integer, we can construct the 0th order Bessel beam first demonstrated by Durnin in 1987 and the 
higher order Bessel configurations as well: 
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 If we convert the Cartesian coordinates ( ),x y  into polar ( ),r φ  through the 
transformations cosx r φ=  and siny r φ= , and take into account the trigonometric identity 
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∆ = − 
 
. In the next we will use the following definition of Bessel function 
of mth order: 
 ( ) ( )1 exp sin
2n
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Equation (4) can be written now: 
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where we have changed the variableθ  to 
2
π θ φΘ = + − , and since the argument in of the integral 
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 = ∆ − Θ+ Θ Θ = 
 
 = ∆ − Θ− Θ Θ = 
 
   = ∆ − − Θ− Θ Θ =    
 = ∆ − = 
 







If we now we use the relation ( ) ( ) ( )1 mm mJ x J x− = −  and substitute ∆ , we finally get: 
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, , exp exp exp 1
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   = − − − ⇒   
  
 
⇒ = − 
 
 (A.8) 
So starting from a conical superposition of plane waves that share a common zk component we 
have derived the best know example of non-diffracting beams, namely the Bessel beams. 
 In the next we will show that any beam that conveys finite energy will eventually diffract. 
In order to prove that suggestion we will assume a non-diffracting beam with finite energy and 
we will end up in an obvious contradiction. This argument will be examined here for simplicity 
in one-dimensional problems. For that purpose we start with the paraxial equation for diffraction 
in free space: 
 0z xxiφ φ+ =  (A.9) 
The Lagrangian density L  is given by the relation: 
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 ( )* * *2 z z x x
iL φφ φ φ φ φ= − +  (A.10) 
and the Hamiltonian density H  is: 
 ( )
* *










φ π φ π
φ φ φ φ φφ φ φ φ φ
φ φ φ
= + − ⇒
   ⇒ = − + − − + ⇒   
   
⇒ = − = −
 (A.11) 
Two conserved quantities of the dynamical system are the total power P , and the total 









= −∫  (A.13) 
We can show that the total power is conserved with propagation: 
* *0 0z xx z xxi iφ φ φ φ φ φ+ = ⇒ + =  
* * * *0 0 0z xx z xx z xxi i iφ φ φ φ φ φ φ φ+ = ⇒ − + = ⇒ − + =  
By subtracting the last equation from the previous one we have: 
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+ − − + = ⇒ + + − = ⇒
⇒ + − = ⇒ + − = ⇒
⇒ + − = ⇒






We assume a non-diffracting beam (non-accelerating also): 
 ( )i ze G xλφ −=  (A.14) 
By substitution of the above solution into the diffraction equation (A.9) we have: 
( )( ) ( )( )
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i i e G e G G G
G G GG G G dx GG dx
G G G G dx GG dx












+ = ⇒ + = ⇒
⇒ − + = ⇒ = − ⇒
⇒ = − ⇒ = − ⇒
 ⇒ − = − ⇒ 





The moment of the second order is: 
 22M x dxφ= ∫  (A.15) 
And it is apparent that is independent of z.  
( )* 2 * 2 * 2 * 2 * 2




z z xx xx
x x x x x x
x x
dM d x dx x dx x dx i x dx i x dx
dz dz
i x dx i xdx i x dx i xdx
dM i x dx i x dx
dz
φφ φ φ φφ φ φ φ φ
φ φ φ φ φ φ φφ
φφ φ φ
= = + = + − =
= − − + + ⇒
⇒ = −
∫ ∫ ∫ ∫ ∫
∫ ∫ ∫ ∫
∫ ∫
 
For the second derivative with respect to z: 
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( ) ( ) ( ) ( )
( )
( ) ( )
2
* * * *
2
* * * *
* * * *





z x xz z x xz
xx x xx xx x xxx x
xx x xxx xx x xxx
x xx x x xx x xx
d M i x dx x dx x dx x dx
dz
i x i dx x i dx x i dx x i dx
x dx x dx x dx x dx
x dx dx dx x
φ φ φφ φ φ φ φ
φ φ φ φ φ φ φ φ
φ φ φφ φ φ φ φ
φ φ φ φ φφ φ φ
 = + − − = 
 = + − − − − = 
 = − − + − = 
− − + +
= −
∫ ∫ ∫ ∫
∫ ∫ ∫ ∫
∫ ∫ ∫ ∫
∫ ∫
( ) ( )
* *
* *
* * * 22 2 8 4
x x x xx
xx x xx
x x x x x x
dx dx x dx
dx x dx
dx dx dx H M Hz cz d
φ φ φ φ
φ φ φ φ
φ φ φ φ φ φ
 − − +
  =
 + + 
 = − − − − = − ⇒ = − + + 




 In most of the steps we used integration by parts. And the limits at ±∞were taken equal 
to zero (assuming that we have a localized beam). A non-diffracting beam is associated with a z-
independent second moment M, but equation Eq. (A.16) indicates that the moment M  is 
z dependent. And thus we have contradiction. In conclusion, we assumed that a non-diffracting 
beam can convey finite energy and we ended up in contradiction. So, finally, every beam that 
conveys finite energy cannot be diffraction free in a rigorous sense. 
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In this Appendix we will calculate the trajectory that the centroid of a finite energy Airy 
wavepacket will follow under linear and nonlinear conditions. In the first case the motion of the 
Airy beam is governed by the paraxial equation of diffraction, while in the nonlinear regime we 
will focus on localized diffusion-trapped states in photorefractive media.  
 We begin our analysis by considering the (1+1) D paraxial equation of diffraction that 









   .(B.1) 
In Eq. (B.1) 0/s x x= represents a dimensionless transverse coordinate, 0x is an arbitrary 
transverse scale, 20/z kxξ = is a normalized propagation distance (with respect to the Rayleigh 
range), and 02 /k nπ λ=  is the wavenumber of the optical wave. The centroid s or “center of 















  (B.2) 
The derivative of s  with respect to ξ  will give a measure of the velocity of the optical 
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 = + = − = 
 
 = − =  





Since the wavepacket φ  is localized the expressions *ssφ φ
+∞
−∞





    will be equal to 
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 = − ∫
∫
. (B.5) 
If we combine now Eqs. (B.1) with (B.5) we can calculate the second derivative of the 
expectation value the motion of s  with respect to ξ in the absence of any external optical 
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  −  = + =   
 
−  = + = 
 −  = − + =  
  
 −  = − − =     






* * *1 0
2 s s ss s s ss
ds ds
P
φ φ φ φ φ φ
+∞ +∞+∞
−∞ −∞ −∞
  =  
−   = − + =   ∫ ∫
 (B.7) 
Equation (B.7) is directly related to Ehrenfests’ theorem from Quantum Mechanics [XX] and it 
indicates that the centroid of a wavepacket obeys the same kinematical equations and it will 
follow the same trajectories as a classical particle. In this specific case the center of gravity 
s of the optical wavepacket will move on straight lines since the beam with field envelope φ  
move in free space and thus no external optical potentials are involved. Equation (B.7) directly 
implies that:  
 1 0s C Cξ= ⋅ +  (B.8) 
In the next we will calculate  0C  and 1C  for the specific case of the finite energy Airy beams. 
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2 2
0 0 2 2
exp 2
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s ds sAi s as ds
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The total power ( ) ( ) ( )2 exp 2P a Ai s as ds
+∞
−∞
= ∫ that the beam carries, as a function of the 
exponential decay parameter 0a > , is given by:  




1 2exp 2 exp
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 = =  
 ∫
 (B.10) 
And we can notice that: 




= ∫  (B.11) 









=  (B.12) 
This result is consistent with the fact that a wavepacket that is not square-integrable does not 
have a center of gravity. On the other hand 1C can be calculated for a beam with a tilted 
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  − − −  = = 
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ξ −= +  (B.14) 
In agreement with Ehrenfest’s theorem the centroid of the optical wavepacket φ  will be moving 
along straight lines.  
 In what follows we will study analytically how the center of mass s  of a self-trapped 
one-dimensional finite energy Airy wavepacket φ  will evolve under the action of diffusion 
nonlinearity. As we have already discussed the slowly varyuing envelop φ  of  an 1D beam will 










φφ φ γ φ
ξ φ
+ + =  (B.15) 
where γ  is given by ( ) ( )2 40 0 33 2e Bk x n r K T eγ = , and the term associated with it in Eq. (B.15) 
accounts for the diffusion photorefractive nonlinearity. This equation supports an analytical 
solution of the form: 
 ( ) ( ) ( ) ( ){ }2 30, 4 exp 2 exp 2 24 ,s Ai iφ ξ φ εη γ ηγ εηξ ξ = + − +   (B.16) 
where 1ε = ± is related with the sign of the diffusion nonlinearity, and 2 4sη εξ= − is a variable 
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− ⋅∞ − ⋅∞ − ⋅∞
    
− + − + −    
    = =
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 
∆ − ∆ ∆
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  
∆ = − + −  
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= + − =
∆
  −    = + −








If we identify a as 2a γ
ε
= −  and use Eq. (B.12), after some algebraic calculations we will end up 









= +  (B.19) 
 As it is clear from Eq. (B.19) the center of mass moves now on parabolic trajectories, and not on 
straight lines since the diffusion leads to nonlinear prism effect. 
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In that Appendix we present a general method concerning the propagation of all the optical 
bullets that can be generated by spherical superposition, and happen to be truncated by a 
Gaussian. We will start from the following equation for the electric field envelope:  
 
2 2 2
2 2 2 = 0i Z X Y T
φ φ φ φ∂ ∂ ∂ ∂
+ + +
∂ ∂ ∂ ∂
 (C.1) 
We assume the following Fourier pair: 
 ( ) ( ) ( ) ( )31{ ; } = ; = , , ; = ;(2 )
iK R
X YF R Z K Z K K Z R Z e dXdYdTφ φπ
+∞ − ⋅
−∞










,where ( );K ZΦ   is the Fourier transform of ( );R Zφ   with ( ), ,X YK K K= −Ω

 and ( ), ,R X Y T=

. 
It can be directly shown that the generalized angular spectrum of that wavepacket evolves as 
follows:  
 ( ) 2 0; = ( )iK ZK Z e K−Φ Φ
 
 (C.4) 
,where 0 ( )KΦ

 is the Fourier transform of φ  at 0Z = . A light bullet truncated using a Gaussian 
can be generated by the superposition of many (even infinite) “plane waves” that share a 
common longitudinal component and are multiplied by Gaussians themselves. So if we study the 
propagation of a general tilted Gaussian beam we will be eventually able to calculate the exact 
solution describing the evolution of a 3D light bullet truncated now by a Gaussian. The 





2 2 2( , , ; 0) =o X Y
X Y T
X Y Tu X Y T Z exp exp i K X K Y T
w w w
    = − + + + + +Ω      
    (C.5) 
 Combining Eqs. (C.5), (C.4), and (C.2) we can find the spectrum at any distance Z :  
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Now we can express ( ) ( ) ( ) ( )1 1 1, ; = , ; , ; , ;X X Y YK K Z K K Z K K Z ZΦ Φ Φ Φ Ω Ω      for 
( ), ,X YK K K= Ω


   . It is obvious that we just need to calculate only one of these factors and the 
others will result similarly. From Eq. (C.3) and by noticing the separability of the problem we 
can write the field φ  after propagation distance Z  as a product of three comeponents:  
 
( ) ( ) ( ) ( )1 1 1
1 1 1
, , ; = ; ; ; =
= iK X iK Y i TX YX Y
X Y T Z X Z Y Z T Z
e dK e dK e d
φ φ φ φ
Ω     Φ ⋅ Φ ⋅ Φ Ω    ∫ ∫ ∫
 (C.7) 
 Each of the 1Φ  will be having the same form :  
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 Plugging the result of Eq. (C.8) to Eq. (C.7) we get the evolution of an 1D tilted Gaussian :  
 ( )





X X X X
X
X




      
− ⋅ ⋅ ⋅ −      
       
 
  (C.9) 
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µ + . 
In order to have a compact solution we will choose 0= = =X Y Tw w w w  and if we combine the 
Eq. (C.9) equation with Eq. (C.7) we will get:  
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 All the spatio-temporal wavepackets can be written as a spherical superposition of "plane" 
waves that share a common longitudinal component of the propagation constant .A general non-
diffracting non-dispersing light bullet ( )U r  apodized now by a Gaussian will be written:  






3 2 0 0
0
; , , , ,
1 1 ,
4
U R Z A x y t z d d




θ ϕ ϕ ϕ θ
µ θ ϕ ϕ θ
µ µ µµ
= =
   − ⋅
= − ⋅ −    








This is the scaled version of the non-diffracting beam where X X µ→  , Y Y µ→  , and 
T T µ→ . This shows how all the Gaussian apodized non-spreading wavepackets evolve (for 
= 0Z  = 1µ ). We want to note here that all the "plane" waves must share a common β  and that 
can be established for all the possible choices of θ  and ϕ  at = 0Z  as follows:  
 ( ) ( )( , ) = =u K R exp iK R exp i sin cos X sin sin Y cos Tβ θ ϕ θ ϕ θ ⋅ + + 
   
 (C.11) 
where 0 θ π≤ ≤  and 0 2ϕ π≤ ≤ .  
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An optical wavepacket propagating in a homogeneous dielectric medium with non-negligible 
dispersion will expand because of diffraction effects and at the same time its temporal profile 
will broaden along propagation. In this Appendix we will derive the equations that describe the 
propagation of spatio-temporal electromagnetic field in a dispersive medium from the 
perspective of transverse and longitudinal power flow. 
 In the following we will employ a perturbative analysis of wavepacket propagation 
within the approximations of slowly varying envelope and paraxial diffraction optics. The spatio-
temporal evolution of the electric field envelope under the combined action of diffraction and 








z k x y
φ φ φ φ
τ
 ∂ ∂ ∂ ∂
+ + − = ∂ ∂ ∂ ∂ 
 (D.1) 
 We start with a harmonic electric field Eω

of the form: 
 ( ) ( ) ( )0 0, e e ,x y z
i k r ti k x k y k z tE r E E ωωω ω ωω




  (D.2) 
where , ,x y zk k k are the three components of the wavevector k

of a homogeneous dispersive 





=  , and ( )n ω is the refractive index at a frequency ω . The 
associated magnetic field Hω

is now: 




, e e ,i k r t i k r tk EH r H ω ωωω ωω η ω





  (D.3) 
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. If the electric field E

 (a superposition of 
harmonic components) of the optical wavepacket is predominantly linearly polarized along x̂ , it 
will be written as: 








As we can extract from Eq. (D.3), the resulting magnetic field H

will be mainly polarized along 
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If we now substitute zk from Eq. (D.6) to Eq. (D.4), the electric field E

 will be: 
 ( ) ( )
2 2
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Since we take into account dispersive effects up to the second order the wavenumber k will be 
given by a Taylor’s series expansion: 
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( ) ( )
















i k k k z
ki k x k y i t
x y x y
zi k k ik zi k x k y i k z ti t k zk
x y x y
E x F k k e e e d dk dk
x F k k e e e e d dk dk e
ω
ω
 +Ω + Ω+ −+∞  + − 
−∞
Ω− ++∞ + −− Ω −
−∞






In Eq. (D.9) we have isolated the carrier frequency from the slowly varying envelope and thus 
the field can be written as: 
 ( ) ( ) ( )0 0ˆ, , ,i k z tE r t x r t e ωφ −=

   (D.10) 
where φ  is derived by (D.9): 
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= Ω Ω∫
  (D.11) 
In that equation we have assumed a moving frame of reference for which 1T t k z= − .  
The ŷ (and main) component of the magnetic field H

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, and if we take the first derivative of φ from 
Eq. (D.11) with respect to T we can see that: 
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0 ; , .
x yx y
zi k k ik zi k x k y k i T
x y x yi F k k e e e e d dk dkT
φ Ω− ++∞ + − Ω
−∞
∂
= − Ω Ω Ω
∂ ∫  (D.13) 
By combining Eq. (D.13) with Eq. (D.12) we have: 
 ( )0 00 1
0




−∂ = + ∂ 

 (D.14) 
Even though the electric and the magnetic fields are mainly along x̂  and ŷ respectively they 
must be associated with longitudinal components so as to satisfy the divergence Maxwell’s 
equations. Let’s us write the electric field as follows: 
 ( ) ( )0 0ˆ ˆ i k z tE x zg e ωφ −= +

 (D.15) 
 Since the dispersive medium that the wavepacket propagates is solely dielectric and 
homogeneous: 
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  (D.16) 
By substituting the result from Eq. (D.16) the electric field will be now: 
 ( )0 0
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On similar arguments we will assume a magnetic field of the form: 
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Θ
⇒ + +Θ =

 (D.19) 
And by following the same assumptions as above and by ignoring in addition mixed derivatives 
we end up with a magnetic field of the form: 
 ( ) ( )0 0 0 000 1
0 0 0
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where ˆ ˆx y
x y⊥
∂ ∂
∇ = +
∂ ∂
.  
